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1. Ïðîèçâîäíûå ïî Ãàòî è ïî Ôðåøå

Ïóñòü E � ëèíåéíîå ïðîñòðàíñòâî, J : E → R � ôóíêöèîíàë (ïðîèçâîëüíîå îòîáðàæåíèå).
Ãîâîðÿò, ÷òî â òî÷êå y ∈ E ñóùåñòâóåò ïðîèçâîäíàÿ ïî Ôðåøå ôóíêöèîíàëà J åñëè ñóùåñòâóåò
ëèíåéíîå îòîáðàæåíèå J ′

F (y) : E → R òàêîå, ÷òî

J [y + h] = J [y] + J ′
F (y)[h] + oE(h), h → 0.

Ãîâîðÿò, ÷òî â òî÷êå y ∈ E ñóùåñòâóåò ïðîèçâîäíàÿ ïî Ãàòî ôóíêöèîíàëà J åñëè äëÿ êàæäîãî
h ∈ E ñóùåñòâóåò ïðåäåë (â ïðàâîé ÷àñòè - ôóíêöèÿ îäíîãî âåùåñòâåííîãî ïåðåìåííîãî)

J ′
G(y)[h] = lim

t→0

J [y + th]− J [y]

t
,

êîòîðûé íàçûâàåòñÿ ïðîèçâîäíîé ïî Ãàòî ôóíêöèîíàëà J â òî÷êå y ∈ E íà âåêòîðå h ∈ E. Âìå-
ñòî ëèíåéíîãî ïðîñòðàíñòâà E ìîæíî ðàññìàòðèâàòü àôèííîå ïðîñòðàíñòâî (ñäâèã ëèíåéíîãî
ïðîñòðàíñòâà íà ôèêñèðîâàííûé âåêòîð). Â ýòîì ñëó÷àå â îïðåäåëåíèÿõ âûøå äîïîëíèòåëüíî
ïðåäïîëàãàåòñÿ, ÷òî y, y + h ∈ E. Ëåãêî ïðîâåðèòü, ÷òî ìíîæåñòâî E0 ýëåìåíòîâ h ∈ E ñ òàêèì
ñâîéñòâîì � ëèíåéíî. Ïðîèçâîäíûå ïî Ôðåøå è ïî Ãàòî áóäóò îïðåäëåíû èìåííî íà ýòîì ïðî-
ñòðàíñòâå E0. Åñëè ïðîèçâîäíàÿ ïî Ôðåøå ñóùåñòâóåò, òî ñóùåñòâóåò è ïðîèçâîäíàÿ ïî Ãàòî, è
îíè ñîâïàäàþò. Äëÿ ôóíêöèîíàëîâ âèäà

J [y] =

∫ b

a

L(x, y(x), y′(x)) dx, E = C1
0([a, b] → Rn) + φ,

ãäå L ∈ C1([a, b],Rn,Rn), φ ∈ C1([a, b] → Rn), ïðîèçâîäíàÿ ïî Ôðåøå âñåãäà ñóùåñòâóåò. Êàê îáû÷-
íî, ÷åðåç C1

0([a, b] → Rn) îáîçíà÷àåòñÿ ëèíåéíîå ïðîñòðàíñòâî ãëàäêèõ îòîáðàæåíèé íà îòðåçêå
[a, b], îáíóëÿþùèõñÿ â òî÷êàõ a, b.

Ïðèìåð 1. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ b

a

(x+ y2)y′ dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([a, b] → R) : y(a) = A, y(b) = B}.
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Îáëàñòü çàäàíèÿ ôóíêöèîíàëà ñîâïàäàåò J ñ àôèííûì ïðîñòðàíñòâîì

E = φ+ C1
0([a, b] → R),

ãäå φ � ïðîèçâîëüíàÿ ôóíêöèÿ èç C1([a, b] → R) òàêàÿ, ÷òî φ(a) = A, φ(b) = B. Ó òàêîãî ôóíêöèè-
îíàëà ñóùåñòâóåò ïðîèçâîäíàÿ ïî Ôðåøå. Ñëåäîâàòåëüíî äîñòàòî÷íî âû÷èñëèòü åãî ïðîèçâîäíóþ
ïî Ãàòî. Ðàññìîòðèì òî÷êó y ∈ E. Ïóñòü y + h ∈ E (èëè, ÷òî òî æå ñàìîå, h ∈ C1

0([a, b] → R)).
Âû÷èñëèì ïðîèçâîäíóþ ïî Ãàòî:

J ′
G(y)[h] = lim

t→0

J [y + th]− J [y]

t
= lim

t→0

1

t

∫ b

a

(
x(th)′ + (y + th)2(y′ + th′)− y2y′

)
dx,

=

∫ b

a

xh′ dx+ lim
t→0

1

t

∫ b

a

(
2tyy′h+ 2t2yhh′ + t2h2(y′ + th′)

)
dx,

=

∫ b

a

xh′ dx+

∫ b

a

2yy′h dx =

∫ b

a

(xh′ + 2yy′h) dx.

Ïîëó÷åííîå âûðàæåíèå ìîæíî óïðîñòèòü, ïðîèíòåãðèðîâàâ ïî ÷àñòÿì:

J ′
F (y)[h] = J ′

G(y)[h] =

∫ b

a

(2yy′ − 1)h dx.

Ïðè ýòîì ìû âîñïîëüçîâàëèñü òåì, ÷òî ôóíêöèÿ h îáíóëÿåòñÿ íà êîíöàõ îòðåçêà [a, b]. Î÷åâèä-
íî, ÷òî ïîëó÷åííîå âûðàæåíèå çàäàåò ëèíåéíûé ôóíêöèîíàë ïî h íà ëèíåéíîì ïðîñòðàíñòâå
C1

0([a, b] → R).

2. Âàðèàöèîííàÿ çàäà÷à ñ çàêðåïëåííûìè êîíöàìè

Òðåáóåòñÿ íàéòè ëîêàëüíûå ýêñòðåìóìû ôóíêöèîíàëà âèäà

J [y] =

∫ b

a

L(x, y(x), y′(x), y′′(x), . . . , y(s)(x)) dx,

ãäå L ∈ Cs([a, b],Rn,Rn), íà ìíîæåñòâå ôóíêöèé

y ∈ Cs([a, b] → Rn),

{
y(a) = A0, y

′(a) = A1, . . . , y
(s−1)(a) = As−1,

y(b) = B0, y
′(a) = B1, . . . , y

(s−1)(a) = Bs−1.

Äëÿ òîãî, ÷òîáû ýòî ñäåëàòü, íàõîäÿò ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà (ò.å. ôóíêöèè èç îáëàñòè
îïðåäåëåíèÿ ôóíêöèîíàëà J , â êîòîðûõ åãî ïðîèçâîäíàÿ ïî Ôðåøå ðàâíà íóëþ) è ïðîâåðÿþò ïî
îïðåäåëåíèþ, ÿâëÿþòñÿ ëè îíè ëîêàëüíûì ýêñòðåìóìîì. Âìåñòî òîãî, ÷òîáû ÿâíî âû÷èñëÿòü
ïðîèçâîäíóþ ïî Ôðåøå, ïîëüçóþòñÿ òåì, ÷òî íà ôóíêöèè y ∈ C2s([a, b] → Rn) îíà ðàâíà íóëþ
òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå Ýéëåðà-Ëàãðàíæà:

s∑
k=1

(−1)k+1 dk

dxk

(
∇vkL(x, u, v1, . . . , vs)

∣∣
(x,y(x),y′(x),...,y(s)(x))

)
= ∇uL(x, u, v1, . . . , vs)

∣∣
(x,y(x),y′(x),...,y(s)(x))

.

Âîîáùå ãîâîðÿ, ñòàöèîíàðíàÿ òî÷êà íå îáÿçàíà èìåòü ãëàäêîñòü 2s, è ïîýòîìó óðàâíåíèå Ýéëåðà-
Ëàãðàíæà ïðèìåíèìî íå âî âñåõ ñèòóàöèÿõ. Òåì íå ìåíåå, êàê ïðàâèëî, îíî äàåò íåòðèâèàëüíóþ
èíôîðìàöèþ. Íàïðèìåð, ïðè ïîèñêå ãëîáàëüíîãî ìèíèìóìà èëè ìàêñèìóìà äîñòàòî÷íî íàéòè
êàíäèäàòà íà ýêñòðåìóì (ñòàöèîíàðíóþ òî÷êó) è ïðîâåðèòü ïî îïðåäåëåíèþ, ÷òî îí èì ÿâëÿåòñÿ.
Ïðè ýòîì ïðè ïîèñêå êàíäèäàòà íà ýêñòðåìóì ìîæíî ïðåäïîëàãàòü ëþáóþ ãëàäêîñòü.

Â íàèáîëåå ÷àñòî âñòðå÷àþùåìñÿ ñëó÷àå, êîãäà s = 1, óðàâíåíèå Ýéëåðà-Ëàãðàíæà èìååò âèä

d

dx

(
∇vL(x, u, v)

∣∣
(x,y(x),y′(x))

)
= ∇uL(x, u, v)

∣∣
(x,y(x),y′(x))

.

Ïðè ýòîì ïðîèçâîäíàÿ â ëåâîé ÷àñòè âñåãäà ñóùåñòâóåò (õîòÿ ãëàäêîñòü L, âîîáùå ãîâîðÿ, íå
ïðåâûøàåò C1([a, b],Rn,Rn)). Â ñëó÷àå, êîãäà n = 1, óðàâíåíèå âûøå ïðåâðàùàåòñÿ â ÎÄÓ (êàê
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ïðàâèëî, ïîðÿäêà 2) íà ñêàëÿðíóþ ôóíêöèþ y. Åñëè n ⩾ 2, ìû ïîëó÷àåì ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé.

Ïðèìåð 2 (Ðîìàíêî, çàäà÷à 9, ñòð. 224). Ðåøèòü ïðîñòåéøóþ âàðèàöèîííóþ çàäà÷ó:

J [y] =

∫ 2

1

(xy′ + y)2 dx, y(1) = 1, y(2) = 1/2.

Â ðàññìàòðèâàåìîé çàäà÷å [a, b] = [1, 2], n = 1, s = 1, A0 = 1, B0 = 1/2, îòîáðàæåíèå L èìååò âèä

L(x, u, v) = (xv + u)2.

Âûïèøåì óðàâíåíèå Ýéëåðà-Ëàãðàíæà:

∇vL(x, u, v) =
d

dv
L(x, u, v) = 2x(xv + u),

∇vL(x, u, v))
∣∣
(x,y(x),y′(x))

= 2x(xy′(x) + y(x)),

d

dx

(
∇vL(x, u, v))

∣∣
(x,y(x),y′(x))

)
= 2(xy′(x) + y(x)) + 2x(y′(x) + xy′′(x) + y′(x)),

∇uL(x, u, v)) =
d

dv
L(x, u, v) = 2(xv + u),

∇uL(x, u, v))
∣∣
(x,y(x),y′(x))

= 2(xy′(x) + y(x)),

ñëåäîâàòåëüíî,

2(xy′(x) + y(x)) + 2x(y′(x) + xy′′(x) + y′(x)) = 2(xy′(x) + y(x)).

Óïðîùàÿ ýòî óðàâíåíèå, ìû ïîëó÷àåì

xy′′(x) + 2y′(x) = 0,

èëè
(log(y′(x)))′ = −2/x = −(2 log x)′.

Ðåøèì ýòî óðàâíåíèå:

log y′(x) = −2 log x+ c,

x2y(x) = ec

y(x) =
c1
x

+ c2

Ïîñòîÿííûå c1 = 1, c2 = 0 îïðåäåëÿþòñÿ èç óñëîâèé y(1) = 1, y(2) = 1/2. Òàêèì îáðàçîì, ŷ = 1/x �
ñòàöèîíàðíàÿ òî÷êà ôóíêöèîíàëà J . Ïðîâåðèì, ÷òî îíà ÿâëÿåòñÿ ãëàáîëüíûì ìèíèìóìîì J . Äëÿ
ýòîãî âîçüìåì ïðîèçâîëüíóþ ôóíêöèþ y èç îáëàñòè îïðåäåëåíèÿ J è ïîêàæåì, ÷òî J [y] ⩾ J [ŷ].
Ïðåäñòàâèì y â âèäå y = ŷ+h, ãäå ïðèðàùåíèå h ∈ C1([1, 2],R). Ïî ïîñòðîåíèþ, y ëåæèò â îáëàñòè
îïðåäåëåíèÿ ôóíêöèîíàëà J , îòêóäà ìû ïîëó÷àåì h(1) = h(2) = 0. Ñëåäîâàòåëüíî,

J [ŷ + h]− J [ŷ] =

∫ 2

1

(
2(xŷ′ + ŷ)(xh′ + h) + (xh′ + h)2

)
dx,

⩾
∫ 2

1

2(xŷ′ + ŷ)(xh′ + h) dx,

= 2x(xŷ′ + ŷ)h
∣∣∣2
1
−
∫ 2

1

(2x(xŷ′ + ŷ))′h+

∫ 2

1

2(xŷ′ + ŷ)h dx,

=

∫ 2

1

(−(2x(xŷ′ + ŷ))′ + 2(xŷ′ + ŷ))h dx,
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ãäå ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì èñ÷åçàåò ïîäñòàíîâêà

2x(xŷ′ + ŷ)h
∣∣∣2
1
= 0

èç-çà òîãî, ÷òî ôóíêöèÿ h îáíóëÿåòñÿ â òî÷êàõ 1 è 2. Òàê êàê

(−(2x(xŷ′ + ŷ))′ + 2(xŷ′ + ŷ)) = 0

â ñèëó óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà, îêîí÷àòåëüíî çàêëþ÷àåì, ÷òî ŷ � ãëîáàëüíûé ìèíèìóì
ôóíêöèîíàëà J .

Ïðèìåð 3 (Ðîìàíêî, çàäà÷à 4, ñòð. 208). Ðåøèòü ïðîñòåéøóþ âàðèàöèîííóþ çàäà÷ó:

J [y1, y2] =

∫ 2

1

(12y21 + y22 + x2y′
2
1 + y′

2
2) dx, y1(1) = 1, y2(1) = e, y1(2) = 8, y2(2) = e2.

Â ðàññìàòðèâàåìîé çàäà÷å [a, b] = [1, 2], n = 2, s = 1, A0 = ( 1
e ), B0 =

(
8
e2

)
, îòîáðàæåíèå L èìååò

âèä
L
(
x, ( u1

u2 ) , (
v1
v2 )

)
= 12u2

1 + u2
2 + x2v21 + v22.

Âûïèøåì óðàâíåíèå Ýéëåðà-Ëàãðàíæà:

∇vL(x, u, v) =

( ∂
∂v1

L(x, u, v)
∂

∂v2
L(x, u, v)

)
=

(
2x2v1
2v2

)
,

∇vL(x, u, v))
∣∣
(x,y(x),y′(x))

=

(
2x2y′1
2y′2

)
,

d

dx

(
∇vL(x, u, v))

∣∣
(x,y(x),y′(x))

)
=

(
2(2xy′1 + x2y′′1)

2y′′2

)
,

∇uL(x, u, v)) =

( ∂
∂u1

L(x, u, v)
∂

∂u2
L(x, u, v)

)
=

(
24u1

2u2

)
,

(
∇uL(x, u, v))

∣∣
(x,y(x),y′(x))

=

(
24y1
2y2

)
,

ñëåäîâàòåëüíî, {
2(2xy′1 + x2y′′1) = 24y1,

2y′′2 = 2y2.
(1)

Óïðîùàÿ ýòó ñèñòåìó óðàâíåíèé, ìû ïîëó÷àåì{
x2y′′1 + 2xy′1 − 12y1 = 0,

y′′2 − y2 = 0.

Ïåðâîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì Ýéëåðà, ïîýòîìó äâà åãî ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ
ìîæíî èñêàòü â âèäå y = xm:

m(m− 1)xm + 2mxm − 12xm = 0

òî åñòü m2+m−12 = 0 èëè m = 3 è m = −4. Âòîðîå óðàâíåíèå èìååò ïîñòîÿííûå êîýôôèöèåíòû
è õàðàêòåðèñòè÷åñêîå óðàâíåíèå λ2 − 1 = 0. Íàõîäÿ åãî êîðíè λ = ±1, ïîëó÷àåì îáùèé âèä
ðåøåíèÿ y2 = c21e

x + c22e
−x. Èòàê, {

y1 = c11x
3 + c12x

−4,

y2 = c21e
x + c22e

−x.
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Èñïîëüçóÿ óñëîâèÿ íà êîíöàõ y1(1) = 1, y2(1) = e, y1(2) = 8, y2(2) = e2, ïîëó÷àåì{
y1 = x3,

y2 = ex.

Ïðîâåðèì, ÷òî òî÷êà ŷ =
(
ŷ1
ŷ2

)
=

(
x3

ex

)
ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìóìîì ôóíêöèîíàëà J . Ïðåäñòà-

âèì ïðîèçâîëüíóþ ôóíêöèþ y èç îáëàñòè îïðåäåëåíèÿ J â âèäå y = ŷ + h. Ðàññìîòðèì ðàçíîñòü:

J [y]− J [ŷ] =

∫ 2

1

(24ŷ1h1 + 2ŷ2h2 + 2x2ŷ′1h
′
1 + 2ŷ′2h

′
2) + (12h2

1 + h2
2 + x2h′2

1 + h′2
2) dx

=

∫ 2

1

(24ŷ1h1 + 2ŷ2h2 − 2(x2ŷ′1)
′h1 − 2ŷ′′2h2) + (12h2

1 + h2
2 + x2h′2

1 + h′2
2) dx

ãäå ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì ïîäñòàíîâêà

2x2ŷ′1h
∣∣∣2
1
= 0, 2ŷ′2h

∣∣∣2
1
= 0,

èñ÷åçàåò èç-çà òîãî, ÷òî h =
(
h1
h2

)
= y − ŷ îáíóëÿåòñÿ íà êîíöàõ èíòåðâàëà [1, 2]. Èñïîëüçóÿ

óðàâíåíèå Ýéëåðà-Ëàãðàíæà (1), ìû ïîëó÷àåì

J [y]− J [ŷ] =

∫ 2

1

(12h2
1 + h2

2 + x2h′2
1 + h′2

2) dx ⩾ 0,

÷òî è òðåáîâàëîñü.

Ïðèìåð 4 (Ðîìàíêî, çàäà÷à 4, ñòðàíèöà 211). Èññëåäîâàòü ôóíêöèîíàë íà ýêñòðåìóì, åñëè

J [y] =

∫ 1

0

4(y′)2 + (y′′)2 dx, y(0) = y′(0) = 0, y(1) =
e2 − 3

4
, y′(1) =

e2 − 1

2
.

Â ðàññìàòðèâàåìîì ïðèìåðå [a, b] = [0, 1], s = 2, n = 1, A0 = A1 = 0, B0 = e2−3
4
, B1 = e2−1

2
.

Îòîáðàæåíèå L èìååò âèä:
L(x, u, v1, v2) = 4v21 + v22.

Óðàâíåíèå Ýéëåðà-Ëàãðàíæà èìååò âèä:

8(y′(x))′ − 2(y′′(x))′′ = 0,

èëè, ïîñëå óïðîùåíèÿ,
w′′ − 4w = 0, w = y′′(x).

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí λ2−4 óðàâíåíèÿ âûøå èìååò âåùåñòâåííûå êîðíè λ = ±2, îòêóäà

y′′(x) = w = c1e
2x + c2e

−2x.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà èìååò âèä

y(x) = C1 + C2x+ C3e
2x + C4e

−2x.

Èç óñëîâèé íà y â êîíöàõ îòðåçêà [0, 1] ïîëó÷àåì
C1 + C3 + C4 = 0

C2 + 2C3 − 2C4 = 0

C1 + C2 + C3e
2 + C4e

−2 = e2−3
4

C2 + 2C3e
2 − 2C4e

−2 = e2−1
2

.

Ýòà ñèñòåìà èìååò ðåøåíèå C1 = −1/4, C2 = −1/2, C3 = 1/4, C4 = 0. Òàêèì îáðàçîì,

ŷ = (e2x − 2x− 1)/4

� ñòàöèîíàðíàÿ òî÷êà J . Ðàññìîòðèì ïðèðàùåíèå ŷ + h, ãäå

h ∈ C1([a, b] → R) : h(0) = h′(0) = h(1) = h′(1) = 0. (2)
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Òîãäà (è òîëüêî òîãäà) ôóíêöèÿ ŷ + h ëåæèò â îáëàñòè îïðåäåëåíèÿ ôóíêöèîíàëà J . Îöåíèì
ðàçíîñòü:

J [ŷ + h]− J [ŷ] =

∫ 1

0

4(2ŷ′h′ + (h′)2) + (2ŷ′′h′′ + (h′′)2) dx.

Èíòåãðèðóÿ ïî ÷àñòÿì è èñïîëüçóÿ óñëîâèÿ (2), ïîëó÷àåì

J [ŷ + h]− J [ŷ] =

∫ 1

0

4(−2ŷ′′h+ (h′)2) + (2ŷ′′′′h+ (h′′)2) dx.

Â ñèëó óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà, îêîí÷àòåëüíî ïîëó÷àåì

J [ŷ + h]− J [ŷ] =

∫ 1

0

4(h′)2 + (h′′)2 dx ⩾ 0.

Ñëåäîâàòåëüíî, ŷ � ãëîáàëüíûé ìèíèìóì.

3. Âàðèàöèîííàÿ çàäà÷à ñî ñâîáîäíûìè êîíöàìè

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, â êîòîðîì îäèí èç êîíöîâ ôèêñèðîâàí. Â çàäà÷å òðåáóåòñÿ íàéòè
ëîêàëüíûå ýêñòðåìóìû ôóíêöèîíàëà âèäà

J [y] =

∫
Dom y

L(x, y(x), y′(x)) dx,


Dom y = [a, b], b ∈ [c, d] : φ(b, y(b)) = 0,

y ∈ C1([a, b],R),
y(a) = A,

ãäå a < c ⩽ d, L ∈ C1([a, d],R,R), φ ∈ C1(R × R,R) � îòîáðàæåíèå ñ íå âûðîæäàþùèìñÿ ãðàäè-
åíòîì. Ìîæíî ðàññìàòðèâàòü çàäà÷ó ñî ñâîáîäíûìè êîíöàìè è äëÿ ôóíêöèîíàëîâ, ñîäåðæàùèõ
ñòàðøèå ïðîèçâîäíûå. Òàêèå çàäà÷è çäåñü íå îáñóæäàþòñÿ, ÷èòàòåëü ìîæåò íàéòè ñîîòâåòñâóþ-
ùóþ òåîðèþ çäåñü: https://arxiv.org/pdf/1309.6518.pdf

Ãåîìåòðè÷åñêè óñëîâèå ñïðàâà îò ôèãóðíîé ñêîáêè îçíà÷àåò, ÷òî ôóíêöèîíàë J îïðåäåëåí íà
êðèâûõ â R2, äîïóñêàþùèõ ïàðàìåòðèçàöèþ âèäà (x, y(x)), x ∈ [a, c], è ñîåäèíÿþùèõ òî÷êó A ñ
êðèâîé, çàäàííîé óðàâíåíèåì φ(x, u) = 0.

Ðåøåíèå çàäà÷è îñíîâàíî íà ñëåäóþùåì ðåçóëüòàòå: åñëè êðèâàÿ y äàåò ýêñòðåìóì ôóíêöèî-
íàëó J , òî âûïîëíÿåòñÿ óðàâíåíèå Ýéëåðà-Ëàãðàíæà

d

dx

(
∇vL(x, u, v))

∣∣
(x,y(x),y′(x))

)
= ∇uL(x, u, v))

∣∣
(x,y(x),y′(x))

âñþäó íà Dom y = [a, b] è óñëîâèå òðàíñâåðñàëüíîñòè ïðàâîì êîíöå:

L(x, u, v)− v ∂
∂v
L(x, u, v)

∂
∂x
φ(x, u)

∣∣∣∣∣
(b,y(b),y′(b))

=
∂
∂v
L(x, u, v)
∂
∂u
φ(x, u)

∣∣∣∣∣
(b,y(b),y′(b))

, (3)

èëè, áîëåå ñòðîãî (÷òîáû èçáåæàòü âîçìîæíîãî äåëåíèÿ íà íîëü):

∂

∂u
φ(x, u)

(
L(x, u, v)− v

∂

∂v
L(x, u, v)

)∣∣∣∣
(b,y(b),y′(b))

=
∂

∂x
φ(x, u)

∂

∂v
L(x, u, v)

∣∣∣∣
(b,y(b),y′(b))

.

Åñëè c = d = b, à êðèâàÿ φ èìååò âèä x = b, òî φ(x, u) = φ(x) = x− b, ∂
∂u
φ(x, u) = 0. Â ýòîì ñëó÷àå

óñëîâèå òðàíñâåðñàëüíîñòè ïðèíèìàåò âèä

∂

∂v
L(x, u, v)

∣∣∣∣
(b,y(b),y′(b))

= 0.
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Åñëè êðèâàÿ φ èìååò âèä y = y0 , òî φ(x, u) = φ(u) = u− y0,
∂
∂x
φ(x, u) = 0. Â ýòîì ñëó÷àå óñëîâèå

òðàíñâåðñàëüíîñòè ïðèíèìàåò âèä(
L(x, u, v)− v

∂

∂v
L(x, u, v)

)∣∣∣∣
(b,y(b),y′(b))

= 0. (4)

Åñëè ñâîáîäíûì ÿâëÿåòñÿ íå ïðàâûé êîíåö b, à ëåâûé êîíåö a, òî óñëîâèå òðàíñâåðñàëüíîñòè â
íåì çàïèøåòñÿ â âèäå

L(x, u, v)− v ∂
∂v
L(x, u, v)

∂
∂x
φ(x, u)

∣∣∣∣∣
(a,y(a),y′(a))

=
∂
∂v
L(x, u, v)
∂
∂u
φ(x, u)

∣∣∣∣∣
(a,y(a),y′(a))

.

Åñëè îáà êîíöà ñâîáîäíû, òî óñëîâèé òðàíñâåðñàëüíîñòè áóäåò äâà (â êàæäîì èç êîíöîâ).

Ïðèìåð 5 (Çàäà÷à 136 â ìåòîäè÷êå, ñòð. 44). Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà

J [y] =

∫
Dom y

y′(x)2 dx,

çàäàííîì íà êðèâûõ (x, y(x)) ñîåäèíÿþùèõ òî÷êó A = (a, y(a)) íà êðèâîé y2 = 4x ñ òî÷êîé (1, 3).

Óðàâíåíèå Ýéëåðà-Ëàãðàíæà èìååò âèä

2y′′(x) = 0, x ∈ Dom y = [a, 1].

Îòîáðàæåíèå φ èìååò âèä
φ(x, u) = 4x− u2.

Â ÷àñòíîñòè,
4a− y(a)2 = 0.

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå A èìååò âèä

(y′(a))2 − y′(a) · 2y′(a)
4

=
2y′(a)

−2y(a)

èëè y′(a)y(a) = 4. Êðîìå òîãî, y(1) = 3. Òàêèì îáðàçîì,

y = c1x+ c2, c1 + c2 = 3, (c1a+ c2)
2 = 4a, c1(c1a+ c2) = 4.

Îòñþäà ïîëó÷àåì c1 = 3, c2 = 0, a = 4/9, A = (2/3, 4/3). Ñòàöèîíàðíîé òî÷êîé ôóíêöèîíàëà J
áóäåò îòîáðàæåíèå y = 3x íà ïðîìåæóòêå [4/9, 1].

Ïðèìåð 6 (Çàäà÷à 17 â Ðîìàíêî, ñòðàíèöà 206). Ðåøèòü âàðèàöèîííóþ çàäà÷ó ñî ñâîáîäíûì
êîíöîì:

J [y] =

∫ 2

1

(2yy′ − x2y′
2
+ 12x2y) dx, y(2) = −5.

Â äàííîé çàäà÷å ëåâûé (ñâîáîäíûé) êîíåö êðèâîé (x, y(x)) ëåæèò íà ïðÿìîé x = 1, òî åñòü
îãðàíè÷åíèå íà íåãî èìååò âèä φ(x, y(x)) = 0, ãäå φ(x, u) = x − 1. Óðàâíåíèå Ýéëåðà-Ëàãðàíæà
èìååò âèä:

2y′ − 2(x2y′)′ = 2y′ + 12x2

Îòñþäà ïîëó÷àåì

(x2y′)′ = −6x2, x2y′ = −2x3 + c, y′ = −2x+ c1/x
2, y = −x2 − c1/x+ c2.

Óñëîâèå òðàíñâåðñàëüíîñòè (4) â ëåâîì êîíöå èìååò âèä

0 =
∂

∂v
L(x, u, v)

∣∣∣∣
(1,y(1),y′(1))

= (2y − 2x2y′)
∣∣∣
(1,y(1),y′(1))

= 2y(1)− 2y′(1).

Ïîñëåäíåå ìîæíî ïåðåïèñàòü â âèäå y′(1) = y(1), òî åñòü

−2 + c1 = −1− c1 + c2.
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Òàê êàê y(2) = −5, èìååò ìåñòî îãðàíè÷åíèå

−4− c1/2 + c2 = −5.

Ðåøàÿ ïîñëåäíèå äâà óðàâíåíèÿ, íàõîäèì c1 = 0, c2 = −1. Èòàê, ñòàöèîíàðíàÿ òî÷êà èìååò âèä
ŷ = −x2−1. Èçó÷èì åå õàðàêòåð, ðàññìàòðèâàÿ ïðîèçâîëüíóþ ôóíêöèþ y èç îáëàñòè îïðåäåëåíèÿ
ôóíêöèîíàëà J , êîòîðóþ ìû ïðåäñòàâèì â âèäå y = ŷ + h:

J [y]− J [ŷ] =

∫ 2

1

(2ŷh′ + 2hŷ′ + 2hh′ − 2x2ŷ′h′ − x2h′2 + 12x2h) dx.

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì:

J [y]− J [ŷ] =

∫ 2

1

(−2ŷ′h+ 2hŷ′ + 2hh′ + 2(x2ŷ′)′h− x2h′2 + 12x2h) dx− 2ŷ(1)h(1) + 2ŷ′(1)h(1).

Èç óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà ñëåäóåò, ÷òî

J [y]− J [ŷ] =

∫ 2

1

(2hh′ − x2h′2) dx− 2ŷ(1)h(1) + 2ŷ′(1)h(1).

Èç óñëîâèÿ òðàíñâåðñàëüíîñòè ñëåäóåò, ÷òî

J [y]− J [ŷ] =

∫ 2

1

(2hh′ − x2h′2) dx.

Ïîñëåäíåå ðàâåíñòâî ìîæíî ïåðåïèñàòü â âèäå

J [y]− J [ŷ] = −
∫ 2

1

x2h′2 dx− h2(1) ⩽ 0.

Ñëåäîâàòåëüíî, ŷ � ãëîáàëüíûé ìàêñèìóì.

4. Óñëîâíûå ýêñòðåìóìû (èçîïåðèìåòðè÷åñêàÿ çàäà÷à)

Çàäà÷à ñîñòîèò â ìèíèìèçàöèè ôóíêöèîíàëà

J [y] =

∫ b

a

F (x, y(x), y′(x)) dx, y ∈ C1([a, b] → Rn),

ãäå F ∈ C1([a, b],Rn,Rn), ïðè óñëîâèÿõ íà êîíöàõ

y(a) = A, y(b) = B,

è óñëîâèÿõ ñâÿçè

Jj[y] =

∫ b

a

Gj(x, y(x), y
′(x)) dx = gj, j = 1, . . . , N.

Êîíöû ìîãóò áûòü è ñâîáîäíûìè, ýòî ïðèâåäåò ê ìîäèôèêàöèè ãðàíè÷íûõ óñëîâèé äëÿ ñòàöè-
îíàðíîé òî÷êè (ñì. íèæå). Ôóíêöèîíàë ìîæåò ñîäåðæàòü áîëüøå ïðîèçâîäíûõ, ÷òî ïðèâåäåò ê
èñïîëüçîâàíèþ áîëåå îáùåãî óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà è äîïîëíèòåëüíîé èíôîðìàöèè â êîí-
öàõ îòðåçêà.

Äëÿ ïîèñêà ýêñòðåìóìîâ ôóíêöèîíàëà ïðè íàëîæåííûõ îãðàíè÷åíèÿõ èñïîëüçóþò ñëåäóþùèé
ôàêò: åñëè ŷ � ýêñòðåìóì J è ŷ íå ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé äëÿ ôóíêöèîíàëîâ Jj, òî äëÿ
íåêîòîðûõ ÷èñåë λj ∈ R ôóíêöèÿ ŷ ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèîíàëà

J − λ1J1 −
∑

λNJN

íà ìíîæåñòâå ôóíêöèé áåç óñëîâèé ñâÿçè:

y ∈ C1([a, b] → Rn), y(a) = A, y(b) = B.
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Òàêèì îáðàçîì, äëÿ ðåøåíèÿ çàäà÷è äîñòàòî÷íî ïîêàçàòü, ÷òî Jj íå èìåþò ýêñòðåìóìîâ è âûïè-
ñàòü óðàíåíèå Ýéëåðà-Ëàãðàíæà

d

dx

(
∇vL(x, u, v))

∣∣
(x,y(x),y′(x)

)
= ∇uL(x, u, v)

∣∣
(x,y(x),y′(x))

äëÿ ôóíêöèè
L = F − λ1G1 − . . .− λNGN .

Â êà÷åñòâå óñëîâèé, êîòîðûìè äîëæíû óäîâëåòâîðÿòü ðåøåíèÿ ýòîãî óðàâíåíèÿ âûñòóïàþò çíà-
÷åíèÿ íà êîíöàõ

y(a) = A, y(b) = B,

(èëè óñëîâèÿ òðàíñâåðñàëüíîñòè (1) â ñâîáîäíûõ êîíöàõ, èëè çíà÷åíèÿ ñòàðøèõ ïðîèçâîäíûõ â
êîíöàõ, åñëè ôóíêöèîíàë ñîäåðæèò ñòàðøèå ïðîèçâîäíûå...), à òàêæå óñëîâèÿ ñâÿçè:∫ b

a

Gj(x, y(x), y
′(x)) dx = gj.

Ïðèìåð 7 (Çàäà÷à 7 â Ðîìàíêî, ñòðàíèöà 215). Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ 2

1

x(y′)2 dx, y(1) = 0, y(2) = 12,

∫ 2

1

xy dx =
16

3
.

Â äàííîì ïðèìåðå n = 1, N = 1,
L(x, u, v) = xv2 − λxu.

Ôóíêöèîíàë

J1[y] =

∫ 2

1

xy dx

ëèíååí, ïîýòîìó ñòàöèîíàðíûõ òî÷åê ó íåãî íåò. Ýòî ìîæíî óâèäåòü è èç òîãî, ÷òî åãî óðàâíåíèå
Ýéëåðà-Ëàãðàíæà íå èìååò ðåøåíèé (óêàçàííîå óðàâíåíèå 0 = x äîëæíî âûïîëíÿòüñÿ âñþäó
íà [a, b] ïðè êàêîì-òî âûáîðå y, îò êîòîðîãî îíî äàæå íå çàâèñèò). Ñîñòàâèì óðàâíåíèå Ýéëåðà-
Ëàãðàíæà äëÿ L:

2(xy′)′ = −λx,

èëè, ïîñëå óïðîùåíèÿ,
2xy′′ + 2y′ = −λx.

Îäíîðîäíàÿ âåðñèÿ óêàçàííîãî óðàâíåíèÿ,

xy′′ + y′ = 0,

ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì Ýéëåðà ñ êðàòíûì êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ m2 = 0. Åãî ðåøåíèå èìååò âèä

y = c1 + c2 log x, c1, c2 ∈ R.
×àñòíîå ðåøåíèå óðàâíåíèÿ 2xy′′ + 2y′ = −λx ëåãêî ïîäîáðàòü, ðàññìàòðèâàÿ ôóíêöèè âèäà
y = cx2:

4cx+ 4cx = −λx, c = −λ/4.

Èòàê, îáùåå ðåøåíèå óðàâíåíèÿ óðàâíåíèÿ 2xy′′ + 2y′ = −λx èìååò âèä

y = −λx2/4 + c1 + c2 log x

Òàê êàê

y(1) = 0, y(2) = 12,

∫ 2

1

xy dx =
16

3
,

òî

−λ/4 + c1 = 0, −λ+ c1 + c2 log 2 = 12, −λ
7

12
+ c1

3

2
+ c2

∫ 2

1

x log x dx =
16

3
.
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Ðåøàÿ ýòó ñèñòåìó óðàâíåíèé, ïîëó÷àåì λ = −16, c1 = −4, c2 = 0. Òàêèì îáðàçîì,

ŷ = 4(x2 − 1)

� òî÷êà, ïîäîçðèòåëüíàÿ íà ýêñòðåìóì. Ïðîâåðèì, ÷òî îíà çàäàåò àáñîëþòíûé ìèíèìóì. Ðàññìîò-
ðèì ïðèðàùåíèå h ñî ñâîéñòâîì

h(1) = 0, h(2) = 0,

∫ 2

1

xh dx = 0.

Òîãäà (è òîëüêî òîãäà) ŷ + h ëåæèò â îáëàñòè îïðåäåëåíèÿ ôóíêöèîíàëà J , è

J [ŷ + h]− J [ŷ] =

∫ 2

1

2xŷ′h′ + x(h′)2 dx =

∫ 2

1

(−2(xŷ′)′h+ x(h′)2) dx,

ãäå ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì ïîäñòàíîâêà

2xŷ′h
∣∣∣2
1
= 0

èñ÷åçàåò èç-çà òîãî, ÷òî h(1) = h(2) = 0. Òàê êàê 2(xy′)′ = −λx â ñèëó óðàâíåíèÿ Ýéëåðà-
Ëàãðàíæà, è ∫ 2

1

xh dx = 0,

ìû ïîëó÷àåì, ÷òî

J [ŷ + h]− J [ŷ] =

∫ 2

1

x(h′)2 dx ⩾ 0.

Ñëåäîâàòåëüíî, ŷ � ãëîáàëüíûé ìèíèìóì.
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5. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 1.

Çàäà÷à 1. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 2

1

cos(xy + y′) dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([1, 2] → R) : y(2) = 1}. Âûïèñàòü, íà êàêîì ëèíåéíîì
ïðîñòðàíñòâå îíà çàäàíà.

Çàäà÷à 2. Ðåøèòü ïðîñòåéøóþ âàðèàöèîííóþ çàäà÷ó:

J [y1, y2] =

∫ π/2

0

(
2y1y2 + (y′1)

2 + (y′2)
2
)
dx, y1(0) = y2(0) = 1, y1(π/2) = y2(π/2) = eπ/2.

Çàäà÷à 3. Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà

J [y] =

∫
Dom y

(
y2(x) + y′(x)2 − 3

16

)
dx,

çàäàííîì íà êðèâûõ (x, y(x)), ñîåäèíÿþùèõ ïðÿìóþ x = 0 ñ ïðÿìîé y = 1/2.

Çàäà÷à 4. Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ 1

0

ex(y′)2 dx, y(0) = y(1) = 0,

∫ 1

0

exy2(x) dx = 2.
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6. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 2.

Çàäà÷à 5. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 2

1

log(1 + x2(y + y′)2) dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([−1, 1] → R) : y(−1) = y(1) = 1}. Âûïèñàòü, íà êàêîì
ëèíåéíîì ïðîñòðàíñòâå îíà çàäàíà.

Çàäà÷à 6. Ðåøèòü âàðèàöèîííóþ çàäà÷ó ñ çàêðåïëåííûìè êîíöàìè:

J [y] =

∫ 1/2

0

(
(y′)2

x2 − 1
− 2y2

(x2 − 1)2

)
dx, y(0) = 1, y(1/2) = 2.

Çàäà÷à 7. Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà

J [y] =

∫
Dom y

x(y′)2 dx,

çàäàííîì íà êðèâûõ (x, y(x)), ñîåäèíÿþùèõ òî÷êó (1, 0) ñ ïàðàáîëîé y = x2.

Çàäà÷à 8. Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ π/2

0

((y′)2 − y2) dx, y(0) = y(π/2) = 0,

∫ π/2

0

y(x) sinx dx = 1.

Çàäà÷à 9. Íàéòè îïòèìàëüíîå óïðàâëåíèå â çàäà÷å ìàêñèìèçàöèè ôóíêöèîíàëà

J [y] =

∫ 2

0

(2x(t)− 3u(t)− u2(t)) dt

ïðè óñëîâèÿõ ẋ = x+ u, x(0) = 5, u ∈ [0, 2].
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7. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 3.

Çàäà÷à 10. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 1

0

x arctan(yy′) dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([0, 1] → R) : y(0) = 2}. Âûïèñàòü, íà êàêîì ëèíåéíîì
ïðîñòðàíñòâå îíà çàäàíà.

Çàäà÷à 11. Ðåøèòü âàðèàöèîííóþ çàäà÷ó ñ çàêðåïëåííûìè êîíöàìè:

J [y] =

∫ 1

0

(
4(y′)2 + (y′′)2

)
dx, y(0) = y′(0) = 0, y(1) =

e2 − 3

4
, y′(1) =

e2 − 1

2
.

Çàäà÷à 12. Íàéòè ðàññòîÿíèå îò òî÷êè (−2, 3
√
3) äî îêðóæíîñòè y2 + (x − 1)2 = 1 èçó÷àÿ

ôóíêöèîíàë äëèíû êðèâîé (x, y(x)):

J [y] =

∫ b

−2

√
1 + y′2 dx,

ãäå Dom y = [−2, b].

Çàäà÷à 13. Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ π

0

(2y + 3y′ + (y′)2) dx, y(0) = 0, y(π) = π2,

∫ π

0

y(x) sinx dx = π2 − 1.

Çàäà÷à 14. Èñïîëüçóÿ ïðèíöèï ìàêñèìóìà, íàéòè êàíäèäàòà (êàíäèäàòîâ) íà îïòèìàëüíîå
óïðàâëåíèå â çàäà÷å ìàêñèìèçàöèè ôóíêöèîíàëà

J [y] =

∫ T

0

(1− u(t))x(t) dt

ïðè óñëîâèÿõ ẋ = u, u ∈ [0, 1], x(0) = 0, x(T ) ⩾ x1, x1 < T/2.
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8. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 4.

Çàäà÷à 15. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 1

0

(yx2 + (y′)2) dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([0, 1] → R) : y(1) = 0}. Âûïèñàòü, íà êàêîì ëèíåéíîì
ïðîñòðàíñòâå îíà çàäàíà.

Çàäà÷à 16. Ðåøèòü âàðèàöèîííóþ çàäà÷ó áåç îãðàíè÷åíèé:

J [y] =

∫ π/2

0

(
4y2 + (y′)2 + 2y cosx

)
dx.

Çàäà÷à 17. Äîêàçàòü, ÷òî ex+1 ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèîíàëà

J [y] =

∫
Dom y

(y′)2 dx,

çàäàííîãî íà êðèâûõ (x, y(x)), ñîåäèíÿþùèõ òî÷êó (0, e) c ñ ïðÿìîé y = 1 è óäîâëåòâîðÿþùèõ
óñëîâèþ

∫
Dom y

(y2 + y′y) dx = 1− e2.

Çàäà÷à 18. Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ 1

0

(1 + x2)(y′)2 dx, y(0) = 0, y(1) = π,

∫ 1

0

xy dx = 1.

Çàäà÷à 19. Íàéäèòå îïòèìàëüíîå óïðàâëåíèå â çàäà÷å ìàêñèìèçàöèè ôóíêöèîíàëà

J [y] = −
∫ T

0

dt = −T

ïðè óñëîâèÿõ ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1], x1(0) = 1 x2(0) = −1, x(T ) = 0.
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9. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 5.

Çàäà÷à 20. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 1

0

(x+ y)y′ dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([0, 1] → R) : y(0) = y(1) = 0}. Âûïèñàòü, íà êàêîì
ëèíåéíîì ïðîñòðàíñòâå îíà çàäàíà.

Çàäà÷à 21. Ðåøèòü âàðèàöèîííóþ çàäà÷ó áåç îãðàíè÷åíèé:

J [y] =

∫ e

1

(
x(y′)2 +

y2

x
+

2y log x

x

)
dx.

Çàäà÷à 22. Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà

J [y] =

∫
Dom y

√
1 + y′2

y
dx,

çàäàííîì íà êðèâûõ (x, y(x)), ñîåäèíÿþùèõ òî÷êó (0, 0) ñ îêðóæíîñòüþ (x− 9)2 + y2 = 9.

Çàäà÷à 23. Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ 2

1

x(y′)2 dx, y(1) = 0, y(2) = 12,

∫ 2

1

xy dx = 9.

Çàäà÷à 24. Íàéòè îïòèìàëüíîå óïðàâëåíèå â çàäà÷å ìàêñèìèçàöèè ôóíêöèîíàëà

J [y] =

∫ 1

0

x(t)(t− 3/4) dt

ïðè óñëîâèÿõ ẋ = x+ u, x(0) = 1, u ∈ [−1, 1].
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10. Êîíòðîëüíàÿ ðàáîòà. Âàðèàíò 6.

Çàäà÷à 25. Íàéòè ïðîèçâîäíóþ ïî Ôðåøå ôóíêöèîíàëà

J [y] =

∫ 1

0

x sin(yy′) dx

çàäàííîãî íà ìíîæåñòâå ôóíêöèé {y ∈ C1([a, b] → R) : y(0) = 0}.

Çàäà÷à 26 (Ðîìàíêî, çàäà÷à 104, ñòð. 200). Ðåøèòü ïðîñòåéøóþ âàðèàöèîííóþ çàäà÷ó:

J [y] =

∫ π

0

(
(y′)2 − 25

9
y2 + 68exy

)
dx, y(0) = 9, y(π) = 9eπ.

Çàäà÷à 27 (Çàäà÷à 131 â ìåòîäè÷êå, ñòð. 43). Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèîíàëà

J [y] =

∫
Dom y

(
y2(x) + y′(x)2 − 3

16

)
dx,

çàäàííîì íà êðèâûõ (x, y(x)) ñîåäèíÿþùèõ ïðÿìóþ x = 0 ñ ïðÿìîé y = 1/2.

Çàäà÷à 28 (Çàäà÷à 7 â Ðîìàíêî, ñòðàíèöà 215). Ðåøèòü èçîïåðèìåòðè÷åñêóþ çàäà÷ó:

J [y] =

∫ 1

0

(2xy + (y′)2) dx, y(0) = 0, y(1) = 3,

∫ 2

1

xy dx = 1.
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