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1 Hilbert inequality

Our tour to the land of Hankel and Toeplitz operators starts with Hilbert inequality. Its
proof by means of Hankel operators dates back to the very beginning of functional analysis.
Another historical example, solution of Schur interpolation problem by means of Toeplitz

operators, will be discussed in the next section.

1.1 The inequality and its elementary proof

Theorem 1.1 (Hilbert inequality). For any sequences {a,}, {b,} of complex numbers, we

s ol Bl Sl S Ib

m,n>1 n>1

have

Proof. We may assume that both sequences {a, }, {b,} are nonnegative and square summable.
For a positive real x, denote by [x] the smallest integer that is larger than x. Define functions
[, gon (0,400) by f(z) = as), 9(x) = by, x > 0. We have

< L
>1m+n x—l—y v

> f(rcos® p)g(rsin® )
[ e ealr ) dr i,
T Cos“ Y+ 1 sin? ©

m,n

by the change of variables

x = 1rcos?p,
_ 102
y = rsin® .

Here, the Jacobian J, ,(r, ¢) is given by

x xfp] — det [(:082 @ —2rcosysing — sin2o.

Jx y( ) det .9 .
Yr Yy sin® ¢ 2rsinpcos

It follows that

5 oo 2 202
Z by, S/ / f(rcos® ¢)g(rsin® ) - rsin 2 dr dy.
0o Jo

m n r
m,n>1 +



By Cauchy-Schwarz inequality,

h 2 in? ) d T 2d~oo2in2d2
/Of<rcos ©)g(rsin” p) rS(/O fo(rcos®p)dr /0 g°(rsin® o) r>

_ 2000191l 220,00
| cos @ sin | '

Therefore,

by, 3
2 wn s / 201112200 00) 1911 200,50y dip = 7 1 22(0.00) |9 20,0

It remains to note that

11l z2(0,00) = ‘/Z lanl?,  Nlgllz2(0,00) = ‘/Z [0 ?,
n>1 n>1

by the definition of functions f, g. m

1.2 The Hilbert matrix

Since the right hand side of Hilbert inequality contains a product of norms in the Hilbert
space ¢*(N,C) of complex square-summable sequences indexed by natural numbers N, one
may wonder whether one can reformulate Hilbert inequality in a way that makes it a state-

ment from functional analysis. This is indeed possible.

Definition 1.2. The Hilbert matrix is defined by

|
- W= N
= W= N
o Ul = Wl

We also will deal with the following submatrix of the Hilbert matrix,

11 1
2 3 4
11 1
13 4 5
Ho_lll
4 5 6

Both H and H, can be considered as linear operators on the space ¢*(N, C).

4



Lemma 1.3. Hilbert inequality is equivalent to the bound ||Hy|| < m for the operator norm
of Hy as an operator on (*(N,C).

Proof. Let us first note that Hilbert inequality is equivalent to the inequality

by
Z m-+n

m,n>1

<7

for all sequences a = {ay}, b = {b,} with finitely many nonzero terms such that [|a||zmwc) < 1,
[0l 2v,c)y < 1. Denote the set of such sequences by By c)[0, 1]. For every a,b € By c)[0, 1],

we have

A bn,
Z m+n

m,n>1

|(Hoa, b)| =

Y

with (-, -) denoting the inner product in ¢*(N,C). Let us recall that the norm of a bounded

linear operator on a Hilbert space H can be computed by the formula

[Tl =" sup [Tz, y)ul,
x,yEBHO [0,1]
where the supremum is taken over By, [0, 1] — the intersection of the unit ball in H with a
dense linear subset Hy of H. In particular, for H = ¢*(N,C), By,[0,1] = Bpne [0, 1], and
T = H,, we have

b
ol = s |30 b
a,bEBZ(2)<N7C>[O,1} mn>1 m-Tn
From here we see that Hilbert inequality is equialent to the estimate ||Hop|| < 7. ]

1.3 Hankel matrices

Hilbert matrix has a very specific structure — its elements are constant on anti-diagonals.
In other words, the Hilbert matrix has Hankel structure. Let us denote Z, = N U {0}.

Definition 1.4. The Hankel matrix generated by a sequence {cj}iez, of complex numbers

is the infinite matrix of the form

Ch C1 Co
C1 Co C3

Ca C3 C4



In particular, the Hilbert matrix H corresponds to the choice ¢y = 5 +1, k € Z,, and its

submatrix Hy — to the choice ¢, = k € Z,. We can consider any Hankel matrix as a

k+2’
linear operator on the Hilbert space ¢*(Z,,C) densely defined by its bilinear form

H{ck}a b Z Cm—i—nam n

m,n>0

on the linear subset of sequences a,b € (2(Z,,C) with finitely many non-zero elements. This
operator might be bounded or unbounded depending on the choice of {cj}rez, . Similarly to

the Hilbert matrix, the boundedness is equivalent to the inequality

||H{Ck}|| = sup |<H{ck}a7 b>} < o0
ab€Byp ;. )[0.1]

We have the following simple necessary condition for the boundedness.

Lemma 1.5. If Hy.,y extends to a bounded operator on (*(Z..,C), then {c,} € (*(Z4,C).

Proof. Idea of the proof is very simple: if Hy.y is bounded, then {c;} = Hy.jeo must
belong to the space (*(Z;,C). Since H.y is in general defined only by its bilinear form,
we should argue more accurately. Take an integer N € Z, and let {cy} be the sequence

{co,c1,...,¢n,0,...}. Then

sup  |[(Hyepeo,b)| < [[Hie |
beBZg(ZJr,(C)[O’l]

implies [[{cn ez, o) < [[Hiey || for each N. Tt follows that {¢;} € ¢?(Z., C) and, moreover,
Hewdle @ o < 1H el B

Definition 1.6. A function ¢ € L?[0,27] is called a symbol of the Hankel matrix Hy.,y if

its Fourier decomposition with respect to the orthonormal basis {€?*'},cz has the form

p(t) =Y _@p(k)e™,  @(k) =cp, k>0
kEZ

Note that

1 27 )
5(k) = — ekt dt keZ
G =5 [ ewea,  kez

for every function ¢ € L?[0, 27]. If exists, the symbol ¢ of Hy,} is highly non-unique. Indeed,

we limit only negative Fourier coefficients of . One can rephrase the definition of the symbol



in the following way: a function ¢ € L?[0,2n] is a symbol of Hy.,y if and only if
O(t) = ...+ e feoe™ + dy + die + doe® + ..

where the series converges in L?[0, 2] (equivalently, the coefficients are square-summable).
The left part of the series, corresponding to negative Fourier coefficients, is determined by the
given sequence {cy} € ¢*(Z,,C), while the right part, corresponding to nonnegative Fourier
coefficients, is arbitrary. Lemma 1.5 and Parseval identity imply that every bounded Hankel
matrix Hy.) has symbols in the space L?[0,27]. Indeed, one can take, say,

ost(t) =+ + cre 2 4 cpe .

This symbol is often called the standard symbol of the Hilbert matrix Hy,y.

1.4 Nehari theorem. Another proof of Hilbert inequality

The most basic and commonly used fact about Hankel matrices is Nehari theorem.

Theorem 1.7 (Nehari theorem). A Hankel matriz Hy.,, admits a bounded extension to the

Hilbert space (*(Z,C) if and only if it has a symbol ¢ € L>[0,2x]. Moreover, we have

| Hicy || = inf{||ollLcoom | ¢ is a symbol of Hiey}.

Let us derive Hilbert inequality from Nehari theorem.

Proof of Hilbert inequality by means of Nehari theorem. By Lemma 1.3, we need
to check that ||Hy|| < 7 for the submatrix matrix Hy of the Hilbert matrix H. Clearly, it
suffices to prove that ||H| < m. Since the matrix H has Hankel form, we can use Nehari
theorem. So, now we turn to construct a symbol ¢ of H with ||¢||L~jo,- < 7. We first guess a
formula for ¢ using informal arguments, and then check that this formula indeed determines

the required symbol. By definition, any symbol of the Hilbert matrix should be of the form
e BTV e 4 e 4+ dy + dye +

where a square-summable sequence {d;} is arbitrary. Let us consider first the standard

symbol,
—ikt

pu =) ——=—logl—e").

k=1

The last formula here needs a justification, but we skip it and instead ask themselves how to



make a bounded function from —log(1 + e¢~*) by changing Fourier coefficients with positive

indexes. Since the absolute value of the imaginary part of log(1 + ¢~*) is bounded by /2

(it corresponds to the argument of 1 + ¢~ a point in the half-plane Re z > 0) the natural

choice will be

> 7zk:t i it

log

Z = log(—e®) = log '™ = i(t — 7).

k=1 k=1

@st_@—

All computations here are informal, but the answer, i(t — 7), makes sense. Let us now check
directly that ¢ = i(t — m) is a symbol of Hilbert matrix. To verify this, we compute the

Fourier coefficients:

1 27 )
o(—k —1) :ﬁ/o i(t —m)e " RkDigy

27 27
2m 2m J,
- 2m Li(k+1)t 27

Lt e i/ et g — [ it gy

2r k+1 t=0 27 kE+1 2 J,

1

=— = C

kvl "

as desired. Finally, we have ||H| < ||¢||z>[p,2+ = 7, and Hilbert inequality follows. O



2 Schur interpolation problem

In this section we consider the classical Schur problem for analytic functions and solve

it using some results for Toeplitz matrices.

2.1 Schur interpolation problem

Denote by H* the Banach space of all bounded analytic functions f in the open unit
disk D = {z € C: |z| < 1} equipped with the norm

[fllse = sup{[f(2)| : z € D},

Problem 2.1 (Schur problem). Given ay, ..., a, € C, decide if there is f € H* such that
o f =37 bp2t with b, = ay for k=0,...,n,

o |[flls <1

Surprisingly, the problem has “if and only if” solution in terms of coefficients ay, . .., a,. The
solution was found by I.Schur in 1917, his proof was elementary. We will give a proof of

Schur theorem by means of Toeplitz operators.

2.2 Toeplitz matrices

Definition 2.2. The Toeplitz matrix generated by a sequence of complex numbers {c¢, }nez

is the matrix

G C2 C3
C_1 Co C1 Co
Trey = lc2 o1 @ @

C_.3 C_9 C_1 (O

Define also the corresponding Toeplitz operator T by its bilinear form

(Tz,y) = Z Ch—nTkYn

k,n€Z+
on sequences x,y € (3(Z, ) with finitely many nonzero elements.

Lemma 2.3. Let T' be the Toeplitz operator generated by a sequence {cy}nez. If T extends
to a bounded operator on the whole space (*(Z.), then {c, nez € (*(Z).
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Proof. The argument is similar to the Hankel case. Intuitively, since T" is bounded and
eo € (*(Zy), then the sequences {c_,}nez, = Teo and {T,}nez, = T ey belong to (3(Z).
Taken together, {c,}nez € (?(Z). Details related to rigorously rewriting this argument in

terms of bilinear forms are left for the reader. O]

Definition 2.4. A function ¢ € L?[0,2n] is called a symbol of the Toeplitz matrix Ty} if

its Fourier decomposition with respect to the orthonormal basis {€™*'};cz has the form

o) =3 g™, gy =c, kel

kEZ

Recall that
1

27
o(k) = —/ gp(t)e_““ dt, k€ Z,
2 Jo

for every function ¢ € L?[0,27]. One can rephrase the definition of the symbol in the
following way: a function ¢ € L?[0,27] is a symbol of T}y if and only if

o) = ...+ e tere +cg e et Fe g .

where the series converges in L?[0, 27| (equivalently, the coefficients are square-summable).
Lemma 1.5 and Parseval identity imply that every bounded Toeplitz matrix T has the
unique symbol ¢ € L?[0,27]. In other words, the correspondence between Toeplitz matrices
and their symbols is bijective. Indeed, all Fourier coefficients of the symbol are uniquely

determined by the entries of Toeplitz matrix and vice versa.

2.3 Brown-Halmos and Sarason theorems

The norm of Toeplitz matrix can be computed in terms of its symbol.

Theorem 2.5 (Brown-Halmos). Let Ty.,y be a Toeplitz matriz and let o =, , c_re™ be
its symbol. Then

1 T¢eut B2z = 1€l 0,27)-
Let us illustrate the usage of Brown-Halmos theorem in some simple situations.

Example 2.6. Identity matrix is the Toeplitz matrix T}.,, generated by the sequence
{ex}=...,0,0,1,0,0,..., co = 1.

The symbol of this matrix is the constant function with value 1. Clearly, the norm of the

10



identity operator is 1. This agrees with the Brown-Halmos theorem:

1Ty

| = 11]|zep,2x = 1.

Example 2.7. The shift operator S : {2, }nez, — {Tn-1}tnez, on (*(Zy) (we set z_; = 0)
has Toeplitz structure of its matrix in the standard basis of £*(Z, ). More precisely its matrix

is the Toeplitz matrix T} generated by the sequence
{c.}=...,0,1,0,0,0,..., c_;=1.

The symbol of this Toeplitz matrix T}, is ¢ = €. Note that S is an isometry on (*(Z.),
i.e., ||Sx| = ||z|| for every x € £*(Z.). In particular, we have ||S|| = 1. This also agrees with

the Brown-Halmos theorem: [[€"|| (02, = 1.

Theorem 2.8 (Sarason). Let T,, be an upper triangular n x n matriz with constant diagonals.

Then there exists an upper triangular Toeplitz matriz T such that
1. the left-upper submatrixz of T of size n X n is T},
2 || = | T

The same holds for lower triangular Toeplitz matrices.

Note that the first condition in Sarason theorem itself is not very restricting. For exam-
ple, one can construct a Toeplitz matrix T satisfying (1.) as follows: extend the diagonals of
T,, with the same values and fill the remaining entries with zeros. Moreover, it is clear that
|T|| > ||T5|| for any extension of T;, to an infinite Toeplitz matrix 7. Hence, the existence of

T satisfying the exact equality ||T|| = ||7}.]| is the nontrivial part.

2.4 Solution of Schur problem

With a sequence ay, . .., a, € C we associate the following Toeplitz matrix 7,1,
ao 0
ar Qo
Ty = a2 o Qo
Ap Ap—1 Ap—2 ... Qg

In terms of this matrix (we consider it as an operator on the Hilbert space C"*1) the solution

of Schur problem can be formulated as follows.

11



Theorem 2.9 (Schur theorem). Schur problem with initial data ay, . . ., a, admits a solution
if and only of I =T Ty > 0.

Our aim is to derive this result from Brown-Halmos and Sarason theorems. Then we
will see on examples how to use in practice the condition I =T, T, 1 > 0. Let us start with

the following simple lemma from linear algebra.

Lemma 2.10. For every finite matriz M, we have |M|| <1 if and only if I — M*M > 0.
Proof. We have

M| <1 <=V [[Mz] < |z,
=V [|Mz]* < 2],
= Vz: 0< |z|? — [|M2|? = (z,2) — (Mz, M) = (x,7) — (v, M*Mz),
= Vo: 0<(x,(I — M"M)z).

But the last line is just the definition of I — M*M > 0. n

The maximum modulus principle for analytic functions imply that a nonconstant ana-
lytic function in the open unit disk D, continuous up to the boundary T = {z € C: |z| = 1},
attains its maximum of modulus on the unit circle T. There is a version of this result that

does not require continuity assumption.

Lemma 2.11. Let f € H®, and let f = > 7, cp2® be its Tailor decomposition in the open
unit disk. Then {cy} € (*(Z;), and the series Y p,cre'™ converges in L?|0,27] to some
function f = > oo cke®. Morever, we have f e L®[0,2n]. Conversely, every function
fe L>|0,271] whose Fourier decomposition has the form f= > oo cke® determines the
function f € H® by f = Y 77 ckz®. This correspondence f — f is one to one, and,
moreover, we have

11z = 11Fllo(0,20)-

For a while, we take this lemma for granted. In what follows, we will meet it in the

general theory of Hardy spaces.

Proof of Schur theorem. By Lemma 2.11, Schur problem with initial data ag,aq,...,a,
has a solution if and only if there exists a function ¢ € L*°[0, 27] that satisfies the following

two properties:
1. (k) =ag for k=0,...,n,
2. ||<;0||L°°[0,27r] S ].

12



In terms of Toeplitz operators this can be reformulated as follows: there exists a function
¢ € L]0, 27| such that

1. T, is the left-upper submatrix of a Toeplitz matrix 7" with symbol ¢,
2. |lell=p2n < 1.

Brown-Halmos theorem allows us to further reformulate this in the form
1. T, is the left-upper submatrix of a Toeplitz matrix 7" with symbol ¢,
2. ||IT|I <1,

and Sarason theorem eventually implies that this is equivalent to the bound ||T,,441] < 1.

Finally, Lemma 2.10 completes the proof. O

2.5 Some examples

The condition I — T, T+ > 0 from Schur theorem can be checked by the Sylvester

criterion, which we recall below.

Let M be an n x n Hermitian matrix. We are interested whether it is positive definite
(positive semi-definite), that is, for all  # 0 holds (Mz, xz)cr > 0 (> 0), in which case we
write M > 0 (M > 0). Sylvester criterion gives a list of necessary and sufficient conditions

to answer this question.

Definition 2.12. Let us write M = (ai7j>1§i7jgn for the entries of M. Let Mk = (ai7j>1gi7jgk
be the unique upper left k£ x k submatrix of M. We call its determinant p;, = det My, the k-the
leading principal minor of M. More generally, given I C {1,...,n}, we define the |I| x |/

submatrix M; = (a;;)ijer and denote the corresponding determinant by j; == det My .
Note that My = My for I ={1,... k}.

Theorem 2.13 (Sylvester criterion for positive definiteness). We have M > 0 if and only if
i >0 for every k=1,... n.

Theorem 2.14 (Sylvester criterion for positive semi-definiteness). We have M > 0 if and
only if ur >0 for every I C {1,...,n}.
Next, we illustrate the usage of Schur theorem in the cases n =0 and n = 1.

*

Example 2.15. For n = 0, we have 77 = (ag) and hence condition I — T, T, 41 > 0 takes
the form (1 — |ag|?) > 0 which is equivalent to |ao| < 1.

13



Example 2.16. For n = 1, we have

0
a; Qo

and hence I — T, T, > 0 rewrites in the form

[ _ T;T2 _ 1 0 _ C_lo C_Ll Qo 0 _ 1 — |a0|2 — |CL1|2 —C_lla,() 2 0
0 1 0 ayp a1 Qo —aq1ay 1-‘@0‘2

The minors are pgy = 1 — |aol* — |a1f?, gy = 1 — |ao|® and pgr2y = det(I — T5T) =
(1 —|aol®)(1 — |aol® = |a1|?) — |aol?®la1|* = (1 — |ag|?)?* — |a1|?, which have to be non-negative

by Sylvester criterion. These conditions are equivalent to the bound
Jai| +faol* < 1

which is the solution of Schur problem for n = 1.

Note that the limit of positive definite matrices is positive semi-definite, hence we can
solve I —T5T, > 0 by checking for which a; we have I — 77T, > 0. In that case we only need
to consider the principal minors py = pi1y, fo = piq1,23, which reduces to |ai| + |az|* < 1. In
the limit we obtain that a solution exists when |ai| + |ag|* < 1. For large n the same idea
allows to consider n + 1 inequalities pup > 0, K = 1,...,n + 1 instead of much larger set of

inequalities oy >0, I C {1,...,n}.

14



3 Hardy spaces, I

3.1 Definitions and basic theory

Let LP(T), 1 < p < oo, denote the standard Lebesgue space on the unit circle T = {z : |z]| =
1} with respect to the Lebesgue measure m on T normalized by m(T) = 1. For finite p, the

I =( | |f(§)|”dm);.

Recall that the integration with respect to m is given by

norm in LP(T) is given by

1 2

Jo@am=5- ["aea  germ.

Using Cauchy-Schwarz inequality, it is not difficult to check that LP*(T) D LP2(T) if p; < ps.
The space L>(T) consists of all Borel functions f : T — C whose absolute value is bounded
by a constant almost everywhere on T, the smallest such a constant is called the essential

supremum of f. This defines the norm in L>°(T),

[flloo = ess sup | f(E)]-
¢eb

~

The Fourier coefficients of a function f € L'(T) will be denoted by f(k), so that

~

2m
f(k) = {f, zk>L2(T) = /Tf(é)gk dm = %/0 FeMe ™ dt.

Definition 3.1 (Hardy spaces on the unit circle). Let 1 < p < co. The Hardy space H?(T)

~

is the subspace in LP(T) formed by functions for which f(k) = 0 for all & < 0. In other
words,

HP(T) ={f € L’(T) : f(k) =0, k < 0}.
The norm in H?(T) coincides with the norm in LP(T).

Example 3.2. In the special case p = 2, the space HP(T) is Hilbert. It admits a simple

description in terms of power series. Indeed, from basic Fourier analysis we know that

LA(T) = {Z anz" Z lan|? < oo} ,

nez neE”L
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where the series converge in the norm of L?(T). Therefore,
H*(T) = Z anz" Z lan|? < oo},
n€Z+ TZGZ+

with the convergence again with respect to the norm of L?(T).

One of key initial observations related to Hardy spaces is that functions from H?(T)

admit analytic continuation to the open unit disk D.

Lemma 3.3. For every f € H*(T), the series ), f( )2F converges in the open unit disk

to an analytic function.

Proof. Take f € H*(T). Since > kezs |f(l€)]2 < o0, we have supk|]?(k:)\ < C < o0.
Therefore,

ST FR)E <O et = |, 2] < 1.

keZy keZy

Thus, the series Zn€Z+ a,z"™ converges uniformly on compact subsets of D to an anlytic

function. O

The previous observation indicates that functions in HP(T), initially defined almost
everywhere on T, might have an analytic description. This is indeed the case. Let us define
the Hardy spaces HP(DD) in the open unit disk D.

Definition 3.4 (Hardy spaces in the unit disk). Let 1 < p < co. Define the space

HP(D) ={f:D — C: fanalyticin D, ||f||g»m < 0o},

| f1l ey = = sup. (/|f r€) |pdm) :

For p = +o0, define H>°(D) to be the space of all bounded analytic functions in D with the
norm || f{|ge ) = supyj<; [f(2)]-

whith the norm

The spaces H?(D) and HP(T) are essentially the same due to the following deep result.

Theorem 3.5. Let f € HP(D) for some 1 < p < oo. Then for Lebesgue almost every § € T

there exists the limait

J© =1lm f,(),  fi(&) = f(rE).

16



Moreover, we have fE HP(T). For every 1 < p < o0, we have
lim [| f = £l o(r) = 0.

The operator U : f — f is the isomorphism (a linear isometric bijection) between Banach
spaces HP(D) and HP(T). In particular, we have ||U f|l gty = || f||ar@). We also have

U Z a2t | = Z akfk,

keZy keZy

where the series in the left hand side is the Tailor series of a function f € HP(D) on D, and
the series in the right hand side is the Fourier series of the function f =Uf onT.

In this course, we take Theorem 3.5 for granted. Based on this result, we will identify
functions in H?(D) and HP(T). We will use the same letter f for the boundary value f of
a function f € H*(D). Since HP(D) and HP(T) are isomorphic, in many situations we will

simply write H? to denote the Hardy space.

Example 3.6. In the case p = 2 one can easily check identity ||Uf||ger) = || f||gem) from
the statement of Theorem 3.5 provided that the rest of this theorem is known. By definition,

[ fllz2@y = sup || frllz2(r).-
0<r<1

Consider the Taylor expansion of f,(z) = >_>7 a,r"z". The harmonics {z*};cz, form the
orthonormal basis in L*(T). It follows that

2

o e.9]
el Zemy = || D anr™=" = lanfr*".
n=0 L2(T) n=0

Thus, we have
o o
12y = sup D> lanlr™™ =" |anl* = || flla2),
o<i<r 7 _
n=0 n=0

as claimed.

3.2 Riesz projectors. Hankel and Toeplitz operators

Definition 3.7 (Riesz projectors). Let f € L*(T), and let f(2) = > >

n=—oo

anz" be its Fourier

series with respect to the orthonormal system {z"},cz in L?(T). We define two mappings

17



P+7P—by

P f= Z an 2", P f= Z a,2".

TLEZ+ ’I’LGZ\Z+

These mappings Py, P_ are orthogonal projectors in the space L?(T). They are called Riesz

projectors.

Observe that the image of P, is the space of those L?(T)-functions that have vanishing

~

Fourier coefficients f(k) = 0 for k < 0. In other words, we have P, L*(T) = H?(T). On the

other hand, since P_f =23 > ja_,_12", we have Ran P_ = zH?(T), where the line denotes

the complex conjugation. It is clear that L*(T) decomposes as

L*(T) = H*(T) ® zH%(T) = Ran P, & Ran P_.

It is also clear that P, & P_ = [. Moreover, since Py are orthogonal projectors, we have
[Pl = [|P-| = 1.

Polynomials are the simplest bounded analytic functions that are dense in the space
H?*(T). For a function f = >°  a,z" in H*(T), the polynomials f, = ZZ:O apz" converge
to f in norm: lim, . || f — fu|lz2r) = 0. Denote the set of polynomials by P.

Definition 3.8 (Hankel operators). The Hankel operator H, : H*(T) — zH?(T) with symbol
¢ € L?(T) is densely defined by

H,: f— P_(pf), fewP.

Definition 3.9 (Toeplitz operators). The Toeplitz operator T, : H*(T) — H?*(T) with
symbol ¢ € L?(T) is densely defined by

Tsﬂf = P+(90f)a f eP.

In the above two definitions we used the fact that ¢ f € L*(T) for every p € L*(T), f € P.
In particular, the Riesz projectors Py(pf) are defined correctly. Using bilinear forms, one
can define Hankel and Toeplitz operators for more general symbols than ¢ € L?(T) (say, for
¢ € LY(T)). However, it can be shown that such operators will not be bounded, so we skip

their consideration here.

The following definition and the forthcoming results will be used to relate Hankel and

Toeplitz matrices with Hankel and Toeplitz operators.

Definition 3.10 (Unitary operators). Let #H;, Hs be Hilbert spaces. A linear operator

U :Hy, — Hs is called unitary if U is an isometric bijection.
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The following two lemmas are elementary.

Lemma 3.11. Let Hq, Ho be Hilbert spaces with orthonormal bases {€y}rez, and {U;}rez,

respectively. Then the operator

U: Zaké'k — Zakﬁk
k=0 k=0
1S unitary.
Lemma 3.12. Let U : Hy — Hy be a unitary operator. Then U* = UL,

Lemma 3.13. IfT : Hi — Ho, T: 77[1 — 7/-72 are densely defined linear operators, and there
exist unitary operators Uy, Uy such that T = U,TUs, on the domain of definition of f, then

T, T are bounded or not simultaneously and their operator norms coincide: ||T|| = | T|.

Theorem 3.14. There exist unitary operators Uy : H*(T) — (*(Z,.), Uy : zH2(T) — (*(Z.),

such that for every Hankel operator H, : H*(T) — zH?(T) and for every Toeplitz operator
T, : H*(T) — H*(T) we have

H, = Uy HieyUy, T, = U Ty Un,

for a suitable choice of sequence {cy}. More precisely, in the Hankel case ¢, = p(—k —1) for
k € Z., while in the Toeplitz case we have ¢, = p(—k) for k € Z.

Proof. The argument is based on the following key observation. Fix ¢ € L*(T), k,j € Z,.
Consider the following inner product in L*(T):

@z", P*Z*1) as P_ is the orthogonal projector,

zF FT as there is no need to project,



Next, observe that
(H{c}€k» €j) 2 = Chys (T(cp} Ry €5) 2 = Cho—j.
Thus if ¢ = p(—k — 1) for k € Z,, then
(Ho2", 2% ) 2wy = (H{) s €) iz
Similarly, if ¢ = p(—k) for k € Z, then
(To2", 2) 122y = (Tey s €Dy

This motivates us to define U; : Zk€Z+ apz® — {ax}rez, and Us : ZEkeZ+ apz® = {ag ez, -
With these definitions at hand, we have

(H@Zk,§j+1>L2(T) = (H{Ck}Ul(Zk), U2<§j+1)>@2(z+),
(T(pzk, Zj>L2(T) = (T{ck}Ul(Zk), Ul(Zj»p(ZJr).

We see that H, = U{lH{Ck}Ul and T, = Ul_lT{ck}Ul for our choice of sequences {cx}i. The

theorem is proven by observing that polynomials are linear combinations of harmonics 2",

k € Z,, and the inner product is bilinear. n
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4 Proofs of Nehari, Brown-Halmos and Sarason theorems

The goal of this section is clear from its title. We start with a “warm-up” result that

demonstrates the main idea of the proofs that will follow next.

4.1 Warm-up: the operator norm of a multiplication operator

Theorem 4.1. Let ¢ € L*(T). Then the norm of the multiplication operator M, : f — ¢f
on L*(T) is | My = [[]l oo r)-

Proof. For every f € L*(T) we have

| My fllz2ery = llefllzzery < @l fllz2cr)-

It follows that M., is a bounded operator on L*(T) with ||[M,]| < |l¢|/ze(r). To prove that

the last inequality is, in fact, equality, we write

M|l = sup  [(Mf, g)| = sup

71 llgll<1 heE

/T sohdm‘, 1)

where E' = {h : h = fg, for f,g € Br21)[0,1]}. Here and below Bs)[0, 1] stands for the
unit ball in the Banach space LP(T), 1 < p < oo. The crucial step of the proof is to show
that £ = Brir)[0, 1]. In other words, we are going to prove that

BLl(’]I‘) [O, 1] = BLZ(’JT) [0, 1] . BLQ(’]I‘) [O, 1]

Inclusion D is evident from Cauchy-Schwarz inequality. To prove the opposite inclusion C,
we take arbitrary h € Bpir)[0, 1] and define the function s € Bre(1)[0, 1] by

h

— if A #£ 0,
s =14 |h|

0 otherwise.

Note that h = s - |h|. Then for functions f,g € Br2(1)[0,1] defined by

f =S |h|7 g=v |h|7

we have h = sfg = sfg, and equality £ = By (1)[0, 1] follows. Let us now use duality relation
LY(T)* = L>=(T) to complete the proof. Define the linear functional ®, : h+— [.¢-hdm on
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the Banach space L'(T). We have

Ml = sup
h€Bp1(1)[0,1]

Lo+ ham| = 1@l = lolimee,
The result follows. O

4.2 Proof of Nehari theorem

In the equivalent setting of Hankel operators, Nehari theorem takes the following form:

Theorem 4.2 (Nehari). Let ¢ € L*(T) and consider the Hankel operator Hy, : f — P_(of)
from H?(T) onto zH2(T) densely defined on the set of polynomials P = span{z* : k € Z,}.
The following assertions are equivalent:

1. H, admits a bounded continuation to the whole space H*(T), i.e., H, € B(H*(T), zH?*(T)),
2. H, has a bounded symbol ¢, that is, H, = Hg for some ¢ € L>=(T).

Moreover, we have ||Hy| < [|@||zoo(ry for every symbol ¢ € L*(T) and one can choose @ so

that ||Hy|| = ||@||zee(r)- In other words,

| Hyl|| = inf{||@||oe(ry : @ is a symbol of H,}. (2)
If ¢ € L>(T), we also have ||H,|| = dist peo(r)(p, H*).
Proof. Implication (2) = (1) is easy. Indeed, if H, = H; for some ¢ € L>(T), then

15 f |2y = 1P-Ma f iy < [1Mef 2y < llze )l f a2,

because the norm of the orthogonal projection P_ is equal to one. Thus, H, admits a bounded
continuation to the whole space H?*(T), and moreover, |Hy|| < [|@||p~(r for every symbol
¢ € L>(T). To prove implication (1) = (2) and formula (2), we will take an arbitrary Hankel
operator H, that admits bounded continuation to the whole space H*(T) and find a symbol
@ such that |[H,|| = ||@]|ze(r). The proof consists of two steps.

Step 1. Let us show that the bounded extension of H, to the whole space H?*(T) acts on
functions f € C(D) N H?(T) by the same formula H,(f) = P_(¢f). Take f € C(D)N H?*(T)
and find a sequence {f,} C P such that f, — f in L*(T). This sequence can be found, e.g.,
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as follows. By Fejér theorem on Cesaro convergence of Fourier series, we have

=0, Sfi2)= > f(i)7

Leo(T) ==k

Hf(z) Iy s

Since f € H*(T), we in fact have Sy(f, z) = z;?:o f(j)7' and hence %Zz;é Si(f,z) € P for

every n. Then, for the sequence f, = %ZZ;& Sk(f,z), we can estimate

|Hyf — P_(ef)ll2ry < 1Ho(f = fa)llz2emy + 1P-(o(f = fu))llz2(m)
S NHNf = fall2ery + el 2l f — fallLooery = 0.

It follows that H,f = P_(¢f) for every function f € C(D) N H*(T) and the first step is

completed.

Step 2. Consider the linear subset H!(T) in H'(T) of all functions f that admit analytic
extension to the open disk |z| < 1 + ¢ for some €5 > 0. Denote by By r)[0, 1] the unit ball
in this linear normed space (with the norm inherited from H'(T)). Let also Bpyzm)[0,1] be
the unit ball in the linear normed space C(D) N H?(T) with the norm inherited from H?(T).
We claim that By(r)[0,1] C Byz(m)[0,1] - By2(1y[0, 1]. To this end, take h € By 1)[0,1] and
let {\;}}7_; be the zeros of h in D counted with multiplicities (note that n is finite). Define
the Blaschke product

B(Z):H Z—)\k

k=1 1= Mgz

and observe that % is holomorphic in a neighborhood of D and has no zeroes in I. Then,

h h

belong to By2(m)[0, 1] and satisfy h = fg, as required.

functions

Step 3. We now ready to prove that arbitrary Hankel operator H, that admits bounded
continuation to the whole space H*(T) has a symbol ¢ such that ||H,|| = ||@| e (r). For this,

we define the linear functional
<I>¢:hr—>/gozhdm, h € HYT).
T
For every h € By |0, 1], we have

Py (h) = /TSDZfQ dm = (pf,z2g)12(r) = (P-(¢f),Z9) 2(r) = (Hyp f, 29) L2 (1),
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where f, g are the functions constructed at Step 2. Note also that we have used Step 1 when
wrote P_(¢f) = H,f. Now, we see that

[Ppll = sup [Pu(h)| < sup  [(Hof Zg)rem| < [[Hyll.
heBH%(T)[O,l] f,gGBHg(T)[O,l]

By Hahn-Banach theorem, there exists a continuation wa of ®, to L'(T) having the same
norm. Since L'(T)* = L>®(T), we see that there exists ¢ € L>(T) such that

Py (h) = /T@hdm, 1@l ze(ry = 19| = || < | H,l-

For this ¢ we have H, = Hz; because

<H2¢f» @>L2(T) = /T@fg dm = (f(fg) = @w(fg) = <H¢f, @>L2(T)

for all f,g € HZ(T). Hence, the operators H,, Hs have the same values of bilinear forms
on a dense subset H?(T), which (using continuity H,, H;z) implies that they coincide on
the whole space H*(T). Thus, we found zp € L*(T) such that H, = H;; and || Hz;|| <
1Z2@|| oo (ry < ||Hy|| = || Hzg||- In particular, Z¢ is a symbol of H, and ||H, | = ||Z@|| £oe(r)-

It remains to verify the formula || H,|| = dist () (, H*) in the case ¢ € L>(T). Note
that Hy, = 0 for ¢» € L*(T) if and only if ¢» € H? Thus, the bound ||H,| < ||¢||lr=(r) can
be improved to [|H,|| < dist zeo(r) (¢, H°°). On the other hand, ¢ — ¢ generates zero Hankel
operator and hence it belongs to H?(T)NL>(T) = H*(T) by adding to ¢ arbitrary elements

from H*(T). Therefore, we have
dist o) (0, H) <[]l = [[Holl;

and hence, equality || H,|| = dist reo(r) (e, H>) holds. O

4.3 Proof of Brown-Halmos theorem

Let us start with the restatement of the Brown-Halmos theorem for Toeplitz operators.

This result is equivalent to the Brown-Halmos theorem of Toeplitz matrices.

Theorem 4.3 (Brown-Halmos). Let ¢ € L*(T) and let T, : f — P_(pf) be the Toeplitz
operator densely defined on H?*(T) on the set of polynomials P = span{z* : k € Z,}. The
operator T,, admits a bounded extension to the whole space H*(T) if and only if ¢ € L*(T).
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Moreover, we have

1Tl = Nloll oo my.-
We will need the following simple lemma.

Lemma 4.4. For every point z in the open unit disk D, we have

1 1 1
N I L [ S
1—-72z¢ (D) I=2z¢lm2m) (/1 — |22
Proof. Consider the function
O = =3 e (3)
1—3z¢ p ‘

Since |z| < 1, the sum on the right hand side converges. From equation (3) and Parseval

identity, we obtain

o R o B 1
sy = 32 1P =B =t
k=0

k=—o00

Since f(k) = 0 for k < 0, we also see that f € H(T). O
Proof of Brown-Halmos theorem. We need to check two inequalities:
16l < Nlellze@,  llellzem < Il

The first inequality is almost evident. Indeed, since P, is an orthogonal projection, we have

||Py|| < 1. Thus, for every polynomial f we have

1T fllzzery = 1P (f) 2y < llefllzzery < el | f ]|z

It follows that ||T5,|| < ||¢|[Lee(T).-

Let us now prove the second inequality. In case ||T,| = 400 there is nothing to prove.
So, assume that T, admits a bounded extension to the space H?*(T). Then, arguing exactly
as in the proof of Nehari theorem (see Step 1), it is easy to check that the bounded extension
of T, to H*(T) acts on functions f € C(D) N H?(T) by the same formula T,,(f) = P, (¢f)
as for f € P. Next, denote

Byal0,1] = {f € CD) N H(T) ¢ ||f]l iz < 1}
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For f,g € C(D)N H*(T), we have

Consequently,

(Tpf,9) = (Pr(ef),9) = (of, Pr(9)) = (¢f, 9)
|T,l| = sup
1,9 € Byy2[0,1]

/gpfgdm).
T
Let us take f = g = k., for k. defined by

=YL e

1—-3%¢

By Lemma 4.4, for each z € D we have k, € By2[0, 1]. It follows that

/gp\kz\zdm‘ :
T

Since |k.|? is the standard Poisson kernel, for almost every ¢ € T we have

I, = sup
zeD

lim [ |k dm = o(C) (4)
r<l1
It follows that ¢ € L>(T) and ||| zeo(r) < ||T5]]- O

4.4 Proof of Sarason theorem

We again start with rewriting the statement in the language of operators of function

spaces. For this, we need the following definition.

Definition 4.5. Let P, = span{z*, 0 < k < n — 1} be the space of polynomials of degree at
most n — 1. We define the orthogonal projection P, : L*(T) — P, by

e’} n—1
P, : E akzk»—> E akzk,
k=0

k=—oc0

and the truncated Toeplitz operator A, : P, — P, with symbol p € L*(T) by

A, f—= Pef), f€Pn.

With this definition, A, is a linear operator on the space Hilbert space P, (that we equip

with the inner product and norm inherited from L?(T)). Since P, is finitely-dimensional, we
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have A, € B(P,,).

Let us compute the matrix of A, in the orthonormal basis {z¥}7Z} of P,:

(Apz", 27y = (Pu(p2"), 2) = (02", Pul2?)) = (02", 27(= (9,2 7") = ¢(j — k).

Hence, the matrix of A, is

200 p(-1)  @(-2) P(—(n—1))]
1) p0)  @(-1) P(—(n—2)

A,=| 9@ 1) @(0) P(—(n —3)) (5)
pn—1) ¢(n—2) p(n-3) - $0) |

We see that A, is a truncated Toeplitz matrix of size nxn. Note also that symbols ¢ € H*(T)
generate lower triangular matrices A, (indeed, we have p(—k) = 0, Vk > 1). Conversely, any

lower triangular matrix of the form

ao 0
ay Qo
Tn+1 = | a2 a1 ao
Ap Ap—1 Ap—2 ... Qg

is the truncated Toeplitz matrix A, for some ¢ € H*(T). One can take, say,
o=ag+a1z+ ...+ a,z".

With this remarks, we can state the operator form of Sarason theorem.

Theorem 4.6. Let ¢ € H*(T), then there exist p € H>®(T) such that

Ap = PT5lp, and || Ayl = [[T5]l = [l

Remark. This version of Sarason theorem is for lower triangular matrices/operators. The
passage from lower to upper triangular matrices/operators can be achieved by considering

adjoint operators, which preserves both the Toeplitz structure and the operator norm.

Lemma 4.7. For f € H*(T) we have P,f = 2"P_(z"f).
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Proof. Let f =" arz". Then,

_ — —n—1 _
Z'f=Z"ap+Z" a1+ ...+ Zap_1 + an + zapsq + ...

Consequently,
P_(Z"f) =Z"ag+ 7" lay + - + Zap_y,
and
P f)=aot+ aiz+ 4 12" = P f,
which yields the statement. O

Proof of Sarason theorem. Let ¢ € H>®(T). Then for every g € H*(T), the first n — 1

Fourier coefficients of ¢z"g are equal to 0. In other words, we have

P,(pz"g) = 0.

It follows that P,(¢f) = P,(¢(f + 2™g)). Thus,

[Apll = sup [[Pu(pf)ll = sup  [[Pule(f +2"9))ll = sup [|P(0f)]-
fEPR fEPn, geH?(T), feH*(T)
1<t Il £112+]1=" gl <1 IflI<1

We used here the fact that every function f € H?(T) has the orthogonal decomposition
f = (P)(f)+ (I =P,)(f), which can be rewritten in the form f = f + 2"g for some f € P,,
g € H*(T) such that ||| = ||f]|*> + ||z"¢||*>. By previous lemma and in view of the fact that

z € T, we can write

[Agll = sup [[Pu(ef)ll = sup [[2"P-(Z"f)|l = sup [[P-(Z"of)| = [[Hyl,
fem(m) fem(m) fem(m)
1<t Ifl<1 !

where we set 1) = Z"¢. By Nehari theorem, there exists ¢); € L>(T) such that H, = Hy,
and ||t || peo(r) = | Hy|| = [[Hy, |- In particular, we have

[Agll = 191l oo ()- (6)

Since ¥ = z"p and ¢ — 1y € H*(T) N L>(T) = H*(T), hence for some h € H*(T) we can
write
Z'o=1+h = @=2"Y+2"h. (7)
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Equation (7) implies (2™)1)(k) = ¢(k), for all —(n—1) < k < (n—1). In particular, we have
Ap = Aenyy = PrTony,

|P7L '

Taking Brown-Halmos theorem and equation (6) into consideration, we get

[Tengs | = 12" 1l Loy = l9on]] o) = 1A ]l-

Thus, one can take ¢ = 2" in the statement of Sarason theorem. [
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5 Shift operator

This section is devoted to the shift operator — the most important operator in function-

theoretic operator theory.

Definition 5.1. Operator S : H> — H? defined by
S:f—zf

is called the shift operator on the Hardy space H?.

Note that zH? C H?, hence, the shift operator S is just the restriction of the multiplica-
tion operator on L*(T) to one of its invariant subspaces, H?. Let us also note that S coincides
with the Toeplitz operator with symbol ¢ = z, i.e., S = T,. Our goal in this section is to
describe the lattice of invariant subspaces of S : H? — H?. We will see that the structure
of invariant subspaces is very rich from the point of view of function theory. The operator S

can be considered as a functional model for the operator

S‘ : {xn}nGZJr = {l’n—l}nez+, r_1 = 0,

on the Hilbert space ¢*(Z,). This model, in particular, describes invariant subspaces of
S~ Sina very explicit form. It is possible to construct a functional model (a unitary
equivalent operator that acts on some Hilbert space of functions by a concrete formula) for
every linear bounded operator on a Hilbert space. While we do not pursue this direction

here, let us mention that this model can be also given in terms of some shift operator.

5.1 Wiener theorem

We start with describing reducing subspaces of the unitary operator M, : f +— zf on
the Hilbert space L?(j).

Theorem 5.2 (Wiener). Let v be a finite Borel measure on the unit circle T and let E be
a closed subspace of L*(u) such that zE = E. Then E = xpL*(1) for some Borel subset
FcCT.

Proof. Denote by x the orthogonal projection to E of the constant function 1 € L?(1), so
that x = Pgl. We have

/X(l —X)2"dp = ("x,1—x) =0 for every k >0,
T
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because 1 —x =1 — Pgl = (I — Pg)l = Pp.1 € E+ and 2%y € E. For k < 0, the integral

above is also 0 because z %y is in 27¥E = E. So, the function g := y(1 — X) satisfies
/ gpdp =0 for every trigonometric polynomial p.
T

By Cauchy-Schwartz inequality one can easily check that g € L'(u). Therefore if p, — ¢

uniformly on T, then
/ g dp = 0. (8)
T

Since every continious function can be approximated with polynomials, equation (8) holds
for every ¢ € C(T). It follows that the signed measure gdu is identically zero, i.e., g = 0
p-almost everywhere on T. It follows that (&) is either 0 or 1 for u-almost every £ € T.
Then x = xr, where F' = x~1({1}) is the Borel subset of T. Since zE = E and xr € FE, we
see that

closp2(){xFp : p is trigonometric polynomial} C E,
that is, xpL*(n) € E. It remains to check that £ = ypL?*(u). Assume that e € F is
orthogonal to xzL?(). It is enought to show that e = 0. Since e LxpL?(i), we have
/expzkd,u =0, keZ.
T
Since ez* € E for every k € Z and 1 — xp € E+, we also have

/6(1 —xp)fdp=0, keZ
T

Summing up these two relations, we obtain elz* in L?(u) for every k € Z. Therefore, we
have e = 0 in L?(u). O

5.2 Beurling theorem

Theorem 5.3 (Beurling). A proper nonzero subspace E C L*(T) satisfies zE C E if and
only if E = 0H?* for some measurable function 0 on T such that |0] = 1 almost everywhere
on T.

Proof. Assume first £ = §H? for some 6 on T such that |§] = 1 almost everywhere on T.
Then
2B =20H* = 0(zH*) C 0H* = F,

where the inclusion is proper because 1 € H>©zH?2. Thus, we have proved inclusion zE C E.
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Now assume that zFE C E and take § € F © zE with ||0|| = 1. For every k > 1 we have

zram ={z"U, 2 = U.
2 _k k
T 7~

m m

zE E

Since for every k < —1 we have fT |0]22% dm = 0 by complex conjugation, it follows that the
function |6|* € L'(T) satisfies

0P(k) =0,  kez\{0}.

So, |6]? is a constant function. Since ||]|;2¢r) = 1, we have |0|* = 1 almost everywhere on T.
Using # € E and z*E C E, k > 1, we obtain

E 2 0C108L2(T)(P) = 9H2

To prove that £ = 0H?, consider an element e € E © §H% We need to show that e = 0.
Directly from the orthogonality e L0 H? we get

/e@Ek dm = (e, 2"0) = 0, k> 0.
T
Furthermore, since, by definition, 6 L zF, we also have

/e@zkdm:@zk,&):o, k> 1.
T

—

Therefore, (ef)(k) = 0 for every k € Z. From here we get el = 0 almost everywhere on
T. Since 0] = 1 almost everywhere on T, this means that e = 0 in L?(T), and the result
follows. H

Theorem 5.4 (Beurling theorem for the shift operator). A nonzero subspace E C H? is
invariant under the shift operator S on H? if and only if E = 0H? for some function € H>®

such that |0] = 1 almost everywhere on T.

Proof. Assume that a nonzero subspace £ C H? is invariant under the shift operator S
on H?. We may have two possibilities: S(E) = E or S(E) C E. In the case S(F) = E by
Wiener theorem there exists a Borel subset F C T such that F = xrL?*(T). In particular,
for every h € E, we have h(§) = 0 almost everywhere on F. By the uniqueness theorem for
functions in the Hardy space, h = 0. It follows that £ = {0}, contradicting to the assumption

of the theorem. In other words, the case S(E) = E does not arise. Consider now the case
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S(E) € E. By Theorem 5.3, we have E = §H? for some measurable function 6 such that
|0] = 1 almost everywhere on T. In particular, since § € E and E C H?, we have § € H?.
Assumption |§| = 1 implies § € H*°. O

5.3 Some examples

Example 5.5. Take zp € D and consider the subspace E = {f € H? : f(z) = 0}. Clearly,
E # {0} and S(F) C E, so by Beurling theorem there exists 6,, € H*, such that |6,,| =1
almost everywhere on T, E = 0,,H% Let us find this function 6,,. Note that 6,,(z) = 0.
Moreover, if 6,,(z1) = 0 for some z; € D\{z}, then f(z;) = 0 for every f € E, which is
not the case. Summarizing, 6,,(z) = 0, 6., does not vanish in D\{z}, and |0,,| = 1 almost

everywhere on T. It is easy to gess such a function:

zZ— 20

0., = (Mobius transformation).

1 -2z

Note that 6,, satisfies all above assumptions. We actually have

€ H?
E=0,H> <+ / :>i€H2
f(zo) =0 ezo
The right hand side of this equivalence indeed holds true, because ei is analytic in D and
20
satisfies )
sup / f(rz) dm < 00,
0<r<1.JD 9,30 (7"2)

where we used the fact that |6,,(2)] — 1 as |z| — 1. Thus, we have shown that F = 6, H?.

Example 5.6. Let A be a finite subset of D and let F = {f € H*(D) : f(z) = 0Vz € A}
Then E # {0} and S(E) C E. In this case,

Z — Zk

E = 0,H? Op = .
A ) A Hl—Z_kZ

zrEA

The function 6, is called a finite Blaschke product.

Example 5.7. Let 2p € D and let £ = {f € H*[D) : f(2) = f'(20) = 0}. Then E # {0}
and S(F) C E. In this case,

2
2 772 2 2= 20
pep w-(22)

1—2pz2
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This example can be easily modificated to produce invariant subspaces £ = 6} H 2,

Example 5.8. Let 2o € T, a > 0, and let

-
E =0 H?  0as = oxp (—a + ﬁz> .
— 2p%

Then E C H?, E # {0} and S(F) C E. The space H?> & F sometimes is called the Paley-

Wiener space in the open unit disk.
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6 Hardy spaces, II

6.1 Convergence test for Blaschke products

Definition 6.1. Let {\;}32, be a sequence of points in . We do not require A\, # A; for
k # j. Thus, {\¢}72, might contain repeating elements. The function

> Blazz =X 20
B:Hb)\ka b)\: A )\#0’
z =0,

is called the infinite Blaschke product with zeros {\;}?°,. Note that factor is chosen
so that b)(0) = |A| > 0 for any A € D.

=0.

,\
Next theorem gives us exact conditions, under which Blaschke product converges to a

not identically zero analytic function.

Theorem 6.2. Blaschke product with zeros {\;}32, converges to a not identically zero ana-
lytic function in D if and only if >, (1 — |Ag]) < oo.

Proof. We may assume that 0 ¢ {\;}72,. Denote ¢, =1 — |\, | and let us compute

_ H Al ey = H ol = H Plos(1-(1-IAD) _ 372, log(1-2c)
k=1 k=1

The sum ) - log(1l — &) converges to a finite number if and only if Y, &, < co. Thus,
if the Blaschke product B converges at z = 0 to B(0) # 0, then Y - (1 — |A\x]) < oc.

For the opposite direction, we write B = [[,—,(1 + Ry), where

R _ |>\k| /\k 1 _ |)\k|(/\k —Z) _)\k+ |>\k’22 _
D 1—)\kz M1 — Aez)
_ (A = 1) 4 2 Akl (Al = )
)\k(l —)\k2>
We have 1= D (A A 2(1 — |\
Ry < Ao DO D 200D

ARl = [Aell2]) 7 infes [AR](T = |2])
The sum Y - x(z) converges uniformly in {|z| < r} for every r < 1. Consequently, the

series in formula
B = 6220:1 log(1+Ry)
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converges uniformly to an analytic function in each disk |z| < r < 1. O

6.2 Boundary values of Blaschke products

When B is a finite Blaschke product, we already know that |B| = 1 on the unit circle T.
The following lemma shows that essentially the same holds for infinite convergent Blaschke

products.

Lemma 6.3. For every convergent Blaschke product B, we have

hm |B(rz)| =1

r—1

for almost every z € T. In other words, |B| = 1 almost everywhere on T.

Proof. Let B have zeroes {\;}72,, counted with multiplicity and such that [A\g| < |Agy1]
for each k. For a positive integer N, consider the finite Blaschke product

|/\k’ )\k—Z
Brx =
N H Me 1= Mz

Note that B/By is the finite Blaschke product with zeroes {A;}32 ., counted with their

multiplicities. Consequently, it is bounded and holomorphic on ). We can thus write

N B B B
:;ckz, and B—N(O) BN(O)_/T—(f)dm(f).

Next, by definition we have

B
Since B/ By is a convergent Blaschke product, the Blaschke condition in Theorem 6.2 implies
that the product on the right hand side is nonzero for large N. Furthermore, as N — oo,
this product converges to 1.

On the other hand, recalling |By| =1 on T, we have
B

[ o an©)| < [| 5] an = [1B@lamne <1,

where the last equality follows from the inequality |B(£)| < 1 that holds almost everywhere

B

B—N@‘ -

36



on T. We thus have the chain of inequalities

1= lim \)\k|</\B )| dm(€) <
N->00
k=N+1
implying
/ |B(&)| dm(&)
Finally, we get lim,_,; |B(ré)| = |B(§)| = 1 for almost every & € T. O

6.3 Blaschke factors of functions in Hardy spaces

We will next aim to prove the following theorem, describing a decomposition of a function

in H?(T) into a Blaschke product and a function without zeroes in D.

Theorem 6.4. Let f € HP(T), where 1 < p < co. Then, the set of zeroes of f, { i},
0 < N < oo, counted with multiplicities, satisfies Blaschke condition Y r_, (1—|\i|) < oo, and
f has the representation f = Bf, where B = T2, by, f € H?(T) and | fl oy = Hﬂ’HP(T)-

The function f has no zeroes in .

We begin with some preliminaries.

Lemma 6.5. For f € H'(T), we have || f||prry < || fllorery where fo(z) = f(rz), 0 <r < 1.

Proof. As we know from Homework 1,

1 . 2
f(rz) /f = |7“TzZ§||2 dm(§), z e T.

Using Fubini theorem, we thus obtain

feolam() < [ [ 17O i) am()
I < | ey
= [1st©1 [ A=Z ey dme

- /T ()] dm(€)

This proves the claim. O

Corollary 6.6. For every f € H'(T), the family || f,|/z:1(r) is increasing and, moreover, we

have

Sup I fellzreny = 11m||fr||L1(11‘) = | fllzr(m
<r<
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Proof. Letr < ry. Since f,, € H(T), we can apply Lemma 6.5 with f = f,, and r = r;/ry
to obtain ||fy ||z, < ||frallzi(m), so the family is indeed increasing and the first equality

holds. Finally, since supg_,.«1 | frl|z1(r) = || f||z2(r), we obtain the remaining equality. O
We are now ready to prove Theorem 6.4.

Proof. Consider the functions fy; = f/ B, where By = [[oL, by, For a fixed M, |Bu(z)|

converges to 1 uniformly as |z| — 1, so we have

sl

il =ty [ s am(z) = [ 1P dm() = 1 s

Next, we define the function fv: f/B. For 0 < r < 1, we observe

Ir
BM’I‘

ey 1 £ P < Y P = P
A}gnoonM,rHH @ < faellarey = [1f1lmeen)

1 fll e (ry = Jim '
L»(T)

It follows that ||}‘;‘||Hp < || fllzr(m) for all 0 < r < 1, so Corollary 6.6 implies f e HP(T).
particular, the negative Fourier coefﬁments of f all equal 0 and Lemma 6.3 implies | f\ =|f

In
|
almost everywhere on T. Finally, this implies f € H?(T) and || f]| ey = ||f 7l HP(T)- O

6.4 Logarithmic integrability for functions in the Hardy spaces

Theorem 6.7. Let f € HP(T)\ {0}, 1 < p < oco. Thenlog|f| € LY(T). In particular, f # 0

almost everywhere on T.

Proof. We have f € H'(T) because H?(T) C H'(T) for every p. By Theorem 6.4, there
exists a convergent Blaschke product B and a function fv € HY(T) such that f = Bf and
Nl ey = I/ my () Since |f| = |f f| almost everywhere on T, we note that it is sufficient to

prove log | f| € Ll(T). Moreover, dividing by a constant, we can assume that

[O)=F0)=1, 0<r<l

Under these assumptions, we define g,(z) = log | f, ()| for 0 < r < 1. Let also C' = | flli(m)

and note that Lemma 6.5 implies C' > || f,||,(r). Consequently, we obtain

/Tegr(S) dm(€) = /Teloglfr(f)ldm(g) :/T

for every 0 < r < 1. By definition, the function ﬁ is nonzero on %]D), and log ﬁ is defined and

7 ()] dmie) <
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holomorphic on %D. It follows that the function log ]};| = Re (log f;) is harmonic, implying

/T 6,(€) dm(€) = / log |7,(6)] dm(€) = log |7,(0)] = 0.

We now split the function g, into its positive and negative part:

(9r)+(2) = max{g,(2),0} and (gr)-(2) = max{-g,(2),0}.

It is straightforward to check that g, = (¢,)+ — (¢-)— and |g.| = (¢9-)+ + (g-)—. Using the

inequality e* > max(x,0) that holds for every = € R, we conclude

[10:01dm(© = [ @) i)+ [ (0)-dm(e)

=2 (gr>+ dm(é)

/
<2 /T 9 dm(€) < 2C.

This immediately implies the inequality
[ g 7€) dm(e) < 2c. (9
T

Finally, we are ready to bound the L!(T)-norm of log | f]:

[ g @l dami) = [ 1 oz 11, (€)1 don(e)
— [ timt | 1og £, (¢) dn(6)

< liminf / 1o | £(6)]] dm(€) < 2C,
r—1 T

where we used Fatou lemma in the first inequality. O
An immediate corollary is the following.

Corollary 6.8. Let f, g be two functions in HP(T), 1 < p < oo, such that f = ¢ on a set

E C T with m(E) > 0. Then, f =g in H'(T). In particular, f(z) = g(z) for all z € D.

Proof. Wehave f—g € H'(T), so either f—g = 0 or log |f—g| € LY(T). Aslog|f—g| = —c

on F, the latter cannot hold. O

Corollary 6.9. Let S: H*(T) — H?(T) be the shift operator, and let £ C H?(T) be a set
satisfying SE C E. Then SE # E.
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Proof. Assume that SE = FE holds. Then zF = F in L*(T). By Wiener theorem, we have
E = xpL*(T) for a Borel subset F' C T.

Since 1 € L*(T), it follows xr € xrL*(T) = £ C H?*(T). However, it would then follow that
log xr € LY(T), leading to a contradiction. ]

6.5 Inner-outer factorization

We recall that the absolute value of a finite or infinite convergent Blaschke product

equals 1 almost everywhere on T. In this section, we discuss functions with this property.

Definition 6.10. A function # € H? is called an inner function if || = 1 almost everywhere

on T.

By applying Beurling theorem together with Corollary 6.9, we observe that a subspace
E C H?(T) is invariant under the shift operator if and only if £ = §H?(T) for some inner
function #. We know that Blaschke products are examples of inner functions. Next theorem
gives an integral representation of functions without zeros in . It will be used to describe

general inner functions.

Theorem 6.11. Let f € H'(T) be such that f(z) # 0 for every z € D. Then, there erists

a real-valued measure p of finite variation (i.e., a difference of two positive finite measures)

on T such that E
1+&2
f(z) =exp (—/T % du(é)) , z2€D.

Moreover, if f is an inner function, then > 0 and p L. m. Conversely, any such p generates

an inner function by the above equality.

Before proving this theorem, we recall two important theorems of functional analysis.

Theorem 6.12 (Banach-Alaoglu theorem for separable Banach spaces). Let X be a separable
Banach space and ¢, € X* functionals satisfying ||en|| < ¢ for alln € N. Then, there exists

a subsequence {y,, } converging pointwise to some functional ¢ € X*.

Theorem 6.13 (Riesz-Markov theorem). Let K be a compact Hausdorff space. Then, we
have (Cr(K))* = Mg(K), where Mg(K) is the set of real-valued Borel measures on K with

finite variation.

We are ready to prove Theorem 6.11.
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Proof. We first note that it suffices to find a measure pu satisfying the equality

1

log f(2) = / & du(€) for z € D.
1—¢&2

As holomorphic functions are defined up to a constant by their real parts, it will suffice to

prove the equality
1— |2

We consider a sequence 0 < r,, < 1 converging to 1 as n — oo and measures

fir, = —log|f.,| dm.

We can bound the total variation of . :

[t [ M ry = Nog | fr [l 22 () < C < 00,

where the uniform (in 7) bound follows from (9). By Riesz-Markov, we can thus consider
{pr, } as a uniformly bounded sequence in (Cg(T))*. Since Cg(T) is separable (the polyno-
mials with coefficients in Q form a dense subset), Banach-Alaoglu theorem implies that there

exists a measure u € Mg(T) and a subsequence {r,, } of {r,} such that

lim [ ¢du,,, :/wd,u for all ¢ € Cr(T). (11)
T

k—o0 T

Finally, by Homework 1, the equality
112
10g|frnk z)| = r = 3 2 loglfrnk(fﬂdm(g)
holds for all k. As k — oo, we have
08151, () = 081 and [ 2D, @lamie) - [ 1 ance
S P —gp
proving the desired equality (10).

Let us now prove that if f is inner, then ¢ > 0 and g L m. Recall that by construction
p is the weak-* limit of the measures p,, = —log|f,, [dm. Since for inner functions we
have [f(2)| < 1 for z € D, the measures p,, are nonegative. Hence, both sides (11) are
nonnegative for every nonnegative ¢ € C(T). It follows that ;1 > 0. Next, we want to prove

that © L m. By Radon-Nikodym theorem, we have y = w dm + p, for some w € L*(T) and
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ts L m. We need to check that w = 0 almost everywhere on T. Note that w > 0, us > 0
because 1 > 0. Assumption |f(¢)| = 1 for almost every ¢ € T implies

0= lim log|f(r()|
1
1+&2
T =0

_ / 1= e
Tk

where we used the elementary formulas log |e}| = Re \; Re ng = % It follows that

= lim lo
¢ &

1— |z 1|z
LB g > [ 2B wgyamee > o
|l — &z Jr [l —¢&z .
0 w((¢) for almost every ¢ € T

Therefore, we have w = 0 almost everywhere on T, and p = pu, L m.

Turning to the last part of the statement, we note that if

f(z) =exp (—/T 1 i—g du(ﬁ)) for z € D,

for some real measure p of finite variation, then (10) holds for f and p, and the general
measure theory (more precisely, the differentiation theorem for Lebesgue integral) tells us
that

o8 7(2) =ty (= [ T ) ) =i

for almost every z € T, where w, denotes the weight of the absolutely continuous part of
p = w, dm + s in its Radon-Nikodym decomposition. In the case i = p is purely singular,
we see that |f(z)| = 1 almost everywhere on T. If, moreover, u > 0, then |f(z)] < 1 for
z € D by (10), and hence f is inner. O

Corollary 6.14. Every inner function € in D has the form § = aBu, where a € T is a

constant, B is a Blaschke product, and u has the form

U(Z)Zexp< /?:Z M(Q), zeD,
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for some measure p > 0 with u L m. Conversely, every function of the form 8 = aBu with

a, B, u as above is inner.

With a bit more effort, one can deduce from Theorem 6.11 the following result.

Theorem 6.15 (Inner-outer factorization). Let f € HP(T), 1 < p < co. Then there exists
the unique inner function 6 such that f = 0F, where ' € HP(T) is defined by

P = e ( [lsl© L), e

Remark. The function F' in the above theorem is called outer. Note that F' has no zeroes

in D and is completely determined by its absolute value |F'| = |f| on T.
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7 Hankel operators of finite rank

7.1 Coinvariant subspaces

According to Beurling theorem, a nonzero proper subspace E C H? is invariant under
the shift operator S : f + zf on H? if and only if E = §H? for some inner function . The
Hilbert adjoint operator to the operator S acts by the formula

— f(0
S*:fr—>—f f(), fe H?
z
This operator is often called the backward shift operator on H?. In the unitary equivalent

representation on the Fourier side, it acts as follows:
S*: {xo, w1, 20, ..} > {21, 20, ..}, {21} ez, € C(Zy).

Note that S* coincides with the Toeplitz operator 15 with symbol Z. As a direct consequence
of the Beurling theorem and general Hilbert space theory, we see that a proper nonzero
subspace F C H? is invariant under the backward shift operator S* if and only it has the

form E = H? & 0 H? for some inner function 6.

Definition 7.1. The coinvariant subspace of H? generated by an inner function 6 is the
subspace Kj = H>© 0H>.

We will prove some simple results on coinvariant subspaces of H?2.

Lemma 7.2. Assume that 0 = 0,0, where 0; are nonconstant inner functions. Then we have

proper inclusions 0;H* 2 0H?, j = 1,2. Equivalently, we have Kj ¢ Kj, j =1,2.

Proof. We have 0H? = 0,0,H? = 0,(0,H*) C 0,H? since 0, H? is a subspace of H?. The
last inclusion is proper. Indeed, if 0 H? = 0, H?, then 0, = 0g for some g € H?, so 0, = 0,059,
and 1 = 6,9. Let us write the inner-outer factorization for the function ¢ = aBuF. The
Blaschke factor B does not appear because the function 1 = #5¢ has no roots in ID. Also,
the outer factor is F' = 1 because |g| = 1 almost everywhere on T. Thus, we have 1 = afyu
for a singular inner function u. However, in case u is nonconstant, we have |u(0)] < 1, a
contradiction with 1 = af2(0)u(0). Thus, A must be a constant. O

Lemma 7.3. If an inner function 8 has nonconstant inner divisors 8 = 0y --- 0y, for every
M > 1, then ding = 0.
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—= =

Proof. Take M > 1. We have Kj C Kj, C -+ C Kj, 5, = Kj. It follows that

dingZM—lfor every M > 1. O
Lemma 7.4. We have dim K? < oo if and only if 0 is a finite Blaschke product.

Proof. Write 6 = Bu, where B is some Blaschke product and u is the singular part of 0. If
B(z) =0 for z € {\¢}32,, it has the following divisors:

Z—)\k
1—>\k2

Then the previous lemma imply dim K7 = oo. Next, if the set of zeros { A}, is finite, then
either v = 1 and then 0 is a finite Blaschke product (and we are done), or u # 1, so that the

measure p in the representation of singular inner function is non-zero, and then B has the

B 1+ &zdp
U = exp (_/11‘ 1—52M>

for each M and each 1 < k < M. We have v = uy---uyp for all M. Since u is an inner

following divisors:

function, Lemma 7.3 implies that dim K, = oco. By Lemma 7.2, we know K, C Ky. Hence,
dim Ky = oo. O

Our next aim is to describe coinvariant subspaces K% generated by finite Blaschke prod-

ucts.

Theorem 7.5. Let B be a finite Blaschke product with the sequence of zeroes {\, }i_, count-
ing multiplicities. Then
1 . o
Kg = span{—_,; k=1,....N, 1< jr < multiplicity of/\k} :
(1 — )\k2>3k
We will prove this result only in the case of simple zeroes (for some hints regarding the
general case, see the the list of exercises). In other words, we will prove that for a finite

Blaschke product B with simple zeros {\;}i_, we have

1
Kézspan{ _,kzl,...,N}. (12)
1—)\k2

We will need the notion of the reproducing kernel.

Definition 7.6. The reproducing kernel of H? at A € D is the function ky € H? such that

(fskx) a2 = f(A)
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for every f € H?.

Remark. It is easy to check that the point evaluation functional f +— f(\) is linear and
continuous on H? for every A € D. By the Riesz representation theorem for Hilbert spaces,
this implies the existence and the uniqueness of a reproducing kernel at \. Our immediate

aim is to find an explicit formula for k.

Lemma 7.7. We have ky\ = 1—1Xz'

Proof. Write f =3, c2" for a function f € H?. Note that >, |cx|? < co. We have:

LN
1— Xz o
Thus,
1 —k —
——  ={{a},{\ = e NF) = a\f = FON).
() = (e o), > a(¥)= X a0
It follows that ky = ——. O

1-Az
Proof of formula (12). Let us check that K% and the subspace in the right hand side of
(12) have the same orthogonal complement in H2. By definition, we have (K%): = BH?>.
For the right hand side, we have

1
(span{;_, k;zl,...,N}) ={feH": (fk\)=0,1<k<N}

1—/\k2
={feH*: f(\)=0,1<k<N}
= BH?,

as required. N

Lemma 7.8. Let 0 € H? be an inner function. Then, K} = H* © 0H?* coincides on T with

the subspace H*(T) N z0H?2(T).

Let us stress that identity K7 = H?(T)Nzf0H?2(T) holds only on the unit circle. To make

situation clear, we discuss a particular case of Lemma 7.8 before its proof.

Example 7.9. Fix some n > 1 and consider the inner function 6, = 2". By definition, we

have

o~ o~

K; =H*©0,H*={fe L*(T): f(k)=0, k<0}a{feL*T): f(k)=0, k <n}.
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Hence,
K; = {f e L*(T), f(k) = 0 for all integers k € (—o0,0) U [n, oo)} :

that is, Kgn coincides with the the set P,_; of polynomials of degree at most n — 1. At the

same time, on the unit circle T we have

H?*(T)Nz0,H%(T) = H*(T) N %z”H2(T) = H*(T) N 2" 'H2(T)

which is the restriction to T of the set P,_; of polynomials of degree at most n — 1.

Proof of Lemma 7.8. Write K2 = H%(T) N Z0H2(T). Let us show that K2 = K2. To
prove K2 C K}, let us check that every function in K? is orthogonal to 0 H?. Take h € K3.
By construction, there exists g € H? such that h = zfg on T. We have

h 1 0H?* < z0g L 0H* — 79 L H? < /zg?dm(z)zo, Vj >0,
| I T

l

since |0|=1 a.e. on T

that holds if and only if
g(=(+1)=0, vji=0.

The latter holds by the definition of H?. Thus, we have shown that IA(;Q C K.

On the other hand, the opposite inclusion IA(;? D K7 holds if and only if (IA(;?)l C (K2)*,
or, equivalently, (K3)* C H?. So, take h € (K2)* and observe that i 1 Z0H?, from where
we get Oh | ZH? which yields h € §H2. This ends the proof. O

7.2 Kronecker theorem

Theorem 7.10 (Kronecker theorem). Let H,, be the Hankel operator with symbol o € L*(T).
Denote by oo = P_¢ the standard symbol of H,. The operator H, has finite rank if and
only if o € BH? for some finite Blaschke product B. Equivalently, H, has a finite rank if

and only if ps = Zq for some rational function g such that

1
ge< span{—_,; k=1,...,N, 1< j, < multiplicity of)\k} ,
(1 — )\kz)ﬂk
where {\}2_, is a finite sequence in D.

Proof. Take arbitrary ¢ € L*(T) and observe that Ker H,, is an invariant subspace of the
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shift operator S : f +— 2f on H?:
H,f =0 <= P (pf) =0 < of € H® < zpf € H*.

By Beurling theorem, Ker H, = 6 H? for an inner function §. From Lemma 7.4, we now see
that the subspace Ker H, has finite codimension in H? (equivalently, H, has a finite rank)

if and only if 6 is a finite Blaschke product. Thus, the following assertions are equivalent:
e rank H, < oo
e H,(BH?) =0 for some finite Blaschke product B.
The second assertion can be rewritten as P_(pBH?) = 0, or equivalently,
¢0BH?* c H?> < ¢ € BH>.

This proves the first part of the theorem. Next, note that BH? = B(K3®BH?) = BK%® H?
because the multiplication operator f ~— Bf is unitary on L?(T) (in particular, it preserves

orthogonality). For the standard symbol ¢y, we then have
¢ € BH? <= ¢y € P (BH?) = BK} = BH?>NzH?=z-(2BH?>N H?) = 2K3,

where we used twice Lemma 7.8. It remains to apply Theorem 7.5. O
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8 Compact Hankel operators

Our aim in this section is to prove the following theorem.

Theorem 8.1 (Hartman theorem). A Hankel operator is compact if and only if it has a
continuous symbol. In other words, we have H, € Soo(H? ZH?) for ¢ € L*(T) if and only if
H, = H, for some ¢ € C(T).

The proof is based on some function theory that is interesting in themselves.

8.1 Sarason algebra

The set of analytic functions in ID that admit a continuous extension to the closed unit
disk D is called the disk algebra. We will use notation A(DD) for it.

Lemma 8.2 (Sarason lemma). For ¢ € C(T), we have dist 1~ (p, H>®) = dist 1« (¢, A(D)).

Remark. The space H* is much larger than A(D). In particular, A(D) is separable while
H® is not. Thus, Sarason lemma says that regularity assumption ¢ € C(T) forces the best

approximant to ¢ in H* be much more regular than a typical function in H*°.
Proof of Lemma 8.2. We trivially have dist (¢, H*) < dist (¢, A(D)) because A(D) C H™.
To prove the converse inequality, we take ¢ € C(T), h € H* and define h,(z) = h(rz),

1—1?

or(2) = / ()
T
We have
lip = hllzoomy 2 Tim [[(2 = )l () = lim [ @y — Byl oo
( ) r—1 T ( ) r—1 r T ( )’

where in (x) we used the fact that for every u € L*°(T) its harmonic continuation

1|z

u(z) = /1TU(§)|1_—EZ|2dm(§)7 zeD

satisfies lim, .y ||u,||zee = ||u||ze. In turn, this holds because u(r¢) — u(¢) for almost every
¢ € T (see Homework I). Hence,

ll — hllpe(r) = lim lor — @+ @ = hy|Loo(m)

> 1i — so(m) — i — o
2 1im [l = Ayl oo(ry — lim [l —tprftze(m)

= lim llo = Al oo ()

0
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Here, lim, 1 ||¢ — ¢r||z(1) = 0 because ¢ is continuous (see Homework I). Since h, € A(D)

for every r < 1, we have
i fl = hef|pee(ry 2 dist (o, A(D)).

It follows that ||¢ — h|| pee(ry > dist (¢, A(D)). Since h € H* is arbitrary, the proof of lemma
is completed. O

Definition 8.3. The set C(T) + H>(T) is called Sarason algebra.

Theorem 8.4. Sarason algebra is a Banach algebra with respect to the norm || - || oo (r)

Proof. We first check that C(T) + H*(T) is closed in L>*(T). To this end, consider the
map
j: L2(T) — L=(T)/H>(T)
fr—=0(f) =l = f+H*(T).

Note that C(T)+H>(T) = j7*([C(T)]), and j is continuous. So, to prove that C(T)+ H>(T)
is closed in L*(T) we only need to check that [C(T)] is closed in L*(T)/H*(T). Let
{lepn]} € [C(T)] be such that [¢,] — [u]. Without loss of generality, {¢,} C C(T). By
definition of the quotient norm, we have dist (¢, —u, H*) — 0, so there exists {h, } C H>*(T)
such that ||¢, —u— h,|| = 0, ie. ||[(¢n — hn) —u|| = 0. In particular, {¢, — h,} is a Cauchy

—hm)|| = 0, hence dist (¢, —om, H*(T)) — 0. By
Sarason lemma, we get dist (¢, — @m, A(D)) — 0, that is, {¢, + A(D)} is a Cauchy sequence

sequence in L>®(T), i.e., |[(¢n —hn) — (©m

in C(T)/A(D). The latter linear space is complete as a quotient of a Banach space and its
closed subspace, therefore, {¢, + A(D)} converges in C(T)/A(D) and hence in L>/H>(T)
to an element {¢ + A(D)}, ¢ € C(T). By the uniqueness of the limit, we get ¢ = u and the

proof of closedness of C(T) + H*(T) is complete. It remains to observe that

C(T) 4+ H*(T) = closp~ (trig. polynomials) + H>(T)
= closp~ (trig. polynomials + HOO('IF)>

subalgebra of L>°(T)

It follows that C(T) + H*(T) is a closed subalgebra of L>(T). O

8.2 Proof of Hartman theorem

Lemma 8.5. For every ¢ € L=(T), we have T}, = T.
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Proof. For every hyy € H?, we have

(Toha, hao) gz = (pha, ha) 2y = (ha, @ha) r2ry = (ha, Tisho) 2,
which proves the statement. O]
Lemma 8.6. Let K € Soo(H?, 2H?). Then |[KTon|| — 0 as n — +oo.

Proof. Since ||T.»|] < 1 and every compact operator can be approximated in norm by a
linear combination of rank one operators, we can assume that K = (-, v) g2u for some v € H?,
u € zH?. Then

[ KTl = ||, TZv) pul| = (|T200]| - [lull.

The latter tends to zero as n — +o00. Indeed, we know from Lemma 8.5 that T3, = T:n. So,
if v=">%72,0(k)z", then

k=0 k=n

Thv = P, (i {;(k:)zk_”) = i@(k‘)z’“_",

hence ||T:.v|? = >°p2, |0(k)|* by Parseval formula. It remains to use v € H?, hence
Sore J0(k)[* — 0 as n — oo. O

Everything is ready for the proof of Hartman theorem.

Proof of Hartman theorem. Assume that H, = Hy for some ¢y € C(T). Then there
exists a sequence of trigonometric polynomials {p,} such that ||t — p,| — 0 as n — co. By
Kronecker theorem, H,, has finite rank for each n. It follows that H, can be approximated

in norm by finite rank operators:
1Hy = Hy, || = [[Hy — Hp, || = [[Hy—p, | < ¢ = pullzoe(my = 0.

It follows that H, is compact. Conversely, assume that H, is compact. By Nehari theorem,
we might assume that ¢ € L>®(T). We will prove that

dist 2 577, (Hyp, Soo(H?, 2H?)) = dist o< (m (0, C(T) + H).

Since both S, (H?, zH?), C(T) + H* are closed (see Theorem 8.4), it will imply the claim
of the Hartman theorem. Observe that the inequality

dist 172 577 (Hyps Soo(H?, 2H?)) < dist oo (my (0, C(T) + H™)
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is trivial: one can consider Hankel operators with symbols ¢ € C'(T)+ H* (they are compact
by the first part of the proof) and use the estimate ||[H,_y|| < ||¢ — ¢|[zo(m). To prove the

converse inequality, we take arbitrary K € S, (H?, zH?) and estimate
|H, — K|| > limsup ||(H, — K)T.n|| > limsup || H,T.n|| — liminf || KT, || > limsup || H,Ton ||
n—00 n—00 n—00

n—oo

By definition Hankel operators, we have H,T,» = H..» for each n > 0. Then, from Nehari

theorem we obtain
||H¢Zn || = dist LOO(SO . Zn, Hoo) = dist L‘X’(T)(Spa anoo) Z dist LOO(T)(Saa C(T) + HOO)

In the last inequality we have used the fact that z"H> C C(T) + H*> by Theorem 8.4 or

from the direct consideration. Combining last estimates, we see that
||H<P - KH Z dist L°°(']1')(907 C(T) + HOO):

which completes the proof. O]
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9 Asymptotic behavior of Toeplitz determinants

In this section we study the asymptotic behavior of Toeplitz determinants. We fix a

measure x> 0 with infinite support on T and consider the truncated n x n Toeplitz matrices

p0) (=1 (=2) ... j(-n+1)

p)  a0) =1 .. (-n+2)

To.o=| a2 A1) A0) ... il—n+3)
iln—1) filn—2) f(n—3) a0)

generated by moments of . Here, as before, (k) = (1,zk>L2(u) =I5 ZF du. We would like

to determine the behavior of det T}, ,, as n — oo.

9.1 Szegl theorem on Toeplitz determinants

Theorem 9.1. Let p = wdm + ps be the Radon-Nikodym decomposition of a finite positive

measure |1 on T into the absolutely continuous and singular parts. Then

1 T
lim w:/logwdm (13)
T

n—-+o0o n
where both sides are finite or equal to —oo simultaneously.

We remark that logw < log(1 + w) < w and w € L'(T) because p is nonnegative and
finite. Therefore, the integral fT log w dm is correctly defined and

—00 < /logwdm < 400.
T

Szegd theorem in particular says that this integral equals —oo if and only % — —00 as
n — +o00. Another remark is that the statement is invariant under the scaling u — Ay, so
we can (and will) assume that u(T) = 1. By Jensen inequality, the right hand side in (13)

will then be non-positive.

One can guess Szegd formula (13) in the following way. Suppose pu = || dm for some
function ¢ € H®. Then the definition of Toeplitz operators together with assumption
w € H* give T, = Tj,2 = T;T,. If ¢ is very nice (say, analytic in the disk (1 + ¢)D), one
might hope that

T

un = Lz nT,, + small error term,
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so that
det T, = |det T, ,|*(1 + o(1)), n — +oo.

From (5) we see that the matrix T, , is lower-triangular, hence its determinant can be easily

computed:

det T, ,, = (¢(0))" = exp (nlog ¢(0)) = exp (nAlog¢dm> .

In the last formula we assumed that ¢ has no zeroes in (1 + ¢)D, so that log ¢ is a correctly

defined harmonic function in (1 + ¢)D and the mean value formula holds. From here, we get

det T}, ~ |det T, ,|* = exp (n/log\g0|2dm) = exp (n/logwdm) :
T T

Taking the logarithm and dividing by n, we arrive at Szeg6 formula (13). With some effort,
the above reasoning can be made a rigorous proof that works for nice enough measures pu.
However, the most general case, as stated in Theorem 9.1, requires a completely different

approach.

9.2 Orthogonal polynomials

Definition 9.2. Let p be a probability measure on T with infinite support. Then monomials
{2*}1>0 are linearly independent in L?(p1) and therefore the sequence of monic orthogonal

polynomials

(I)n:Zn+..., <(I)k,(I)J>L2(M):Olf/{Z7éj

is defined, say, by Gram-Schmidt orthogonalization process. We also will deal with the

orthonormal polynomials
P,

= — n > 0.
1Pl 2 ()

¥n

Definition 9.3. For a polynomial p of degree at most n, we define the reflected polynomial

p* by p* = 2"p(1/%).

Note that the operation p — p* depends on n. It will be clear from the context which

n we use in each concrete case. On the unit circle, we have p* = z"p(z). In particular,

(D, @) 12y = (% P") L2(n) for any pair of polynomials p, ¢ of degree at most n.

Example 9.4. Let © = m be the normalized Lebesgue measure on T. Then &, = ¢, = 2",

and ®; = ¢ =1 for every n > 0.

Proposition 9.5. We have det 7},,, = [[0~" ”ék”%?(u) for every n > 1.
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Proof. Let P, be the Hilbert space consisting of polynomials of degree at most n — 1 with
the inner product inherited from L?(u). Consider the operator V, : P, — P, defined by
Vi, : o — 2F. We have

det T),,, = det[i(k — j)lo<k.j<n—1 = det[(Vawj, Vawr) L2(wlo<k j<n—1-

Thus, det T}, ,, = det V7V, = | det V,,|2. At the same time, V,, acts as
k
Vo = 2" = ch,k%',

J=0

therefore, the matrix of V}, in the orthonormal basis {p; ?:_& of P, is upper-triangular with

numbers ¢, on the diagonal. In particular, we have

n—1
det Vn = H Ck k-

k=0

Comparing the coefficients in front of leading terms in the relation

k

E_

z —E CjkPj
j=0

we see that cp, = || Pk r2¢,). The lemma follows. O

The next result is of great importance for the theory of orthogonal polynomials.

Proposition 9.6 (Szegd recursion). For some complex numbers {a,},>¢ we have
(I)n+1 =zd, — W@Z
for every n > 0.

Proof. By construction, the polynomials ®,,,1, 2®,, have the same degree n+ 1 and leading
term 2!, It follows that p = @, — 2®,, is a polynomial of degree at most n. Let us show
that p* = 2"p is orthogonal to all polynomials of degree at most n—1 (that is, p* is a constant
multiple of ®,,), then the statement will follow by taking the reflection. Take ¢ € P,,_1, set
q* = z""'g. We have

(0", @2 = (20, P) 2 = (24", Prg1) 22(w) — (207, 2Pn) 12(p)-

95



The first summand in the right hand side is zero because z¢* € P,,. The second summand

vanishes because (2q*, 2®,) r2(,) = (¢*, Pn)r2(y) and ¢* € Pp_y. H

Definition 9.7. Numbers {a,},>¢ in Proposition 9.6 are called the recurrence coefficients of

L4

Proposition 9.8. We have |a,| < 1 for every n > 0.

Proof. Using orthogonality, we get

HZq)nH%?(u) = [ ®ns1 +a_n<I>:LH%2(u) = ||‘I)n+1||%2(u) + !anl2|\@2\|iaw).
Since ||(I>:‘L||%2(M) = H(I)"H%Q(u) and ||z<I>n||%2(u | D, ||L2 (> We then have
1PnrallZ2g = (1 = lanl*) | PnllZ2 (- (14)
Since both sides are strictly positive, we obtain |a,| < 1. O]

Proposition 9.9. We have HQDkH%Q(M) = HJ (1 = |a;|?) for every k > 0, where the empty
product (for k = 0) is defined as 1.

Proof. The claim follows by induction from (14). O

Next result allows us to rewrite Szegé theorem in terms of the recurrence coefficients of

orthogonal polynomials.

Theorem 9.10. Under assumptions of Theorem 9.1, we have

log det T,

lim 1ogH (1 — |ax]?),

n——+oo

where both sides are finite or equal —oo simultaneously.

Proof. We already know that

logdetT),,, log [Ty~ H(I)ka(u B log [[;:= (1 — lay|?)
n n n '

In other words,

logdetT,, n-—1
B = T log(1 — faof?) +

-2 1
log(1 — |ay|?) + ... + =log(1 — |a,_»|?).
. 0g(1 — 1) 4.+ ~log(1 — |ans[?)
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Then, since all terms are non-positive, we have

lim inf logdet Ty,

n—00 n

> lig&lf(log(l —Jao|*) + ...+ log(1 — |an,2\2)> = ;log(l — Jaxl?),

and at the same time for a fixed N we have

n—1 n—N

log det T;
p 8% Lun log(1 — |aol?) + ... +

. n .
lim su < lim sup
n—00 n n—o00

log(1 — Jax—1|*)

N-1
< Zlog(l — |ag|?), for every N >1,
0

from where we see that there exists the limit

log det T, = -
1 B 1 1— 2y 1 1— 2
im 50 og(1 — |ax|*) Ogl}_lo( |ax|”),

n—oo

as claimed. O

Lemma 9.11. We have (1 — |z|*) > _o lee(2)[? = |¢i1(2)]? = |@nt1(2)|* for every z € D.

The polynomials ¥ do not vanish in D.

Proof. For n =0, we have
L =12 low(2))? =12
k=0

and
2 11— apz|* — |z — aol? B

st (DI = lpn(2)f? = E O =1 e

So, for n = 0 we have (1 — |z]*) >"1_, len(2)[* = |¢hi1(2)> = |¢nt1(2)|*. Next, suppose that

this formula holds for n, and let us check that it holds for n + 1. This is equivalent to the

claim
251 (2P = lons1 (2P + (1 = [21) | ons1(2)]? = 15 12(2) P = lonsa(2)]%,

that can be rewritten in the form

[n i1 (D)7 = 201 (2)° = [042(2) | = @ns2(2)]*. (15)
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Writing the recursion in the form

1 — |ans120nt2(2) = 20n41(2) — Gngrpp 1 (2)

V91— |an+1|2g0:+2(z) = %OZH(Z) - an+1290n+1(2)7

and substituting these expressions into the right hand side of (15), we see that (15) indeed
holds true. So, it remains to show that the polynomial ¢} ; does not vanish in D, n > 0.

From the identity
(1= 121 D le(2)P = @5 (2))* = lensa(2)
k=0

we see that |¢f 1 (2)]? # 0 for z € D. Looking at the same identity at a possible node zy € T
of ¢!, we see that the left hand side behaves as 2 |z — 2| as 2 — 2 in D, while the right
hand side is O(|z — 29|*) under the same regime z — zg. So, ¢}, does not vanishes on T as

well. O

9.3 Schur algorithm

To proceed further towards the proof of Szegé theorem, we will need a piece of function
theory. The Schur class S(D) in the open unit disk D consists of analytic functions f in D
such that

sup [f(2)] < 1.
z€eD

For f € S(D), we write f € S,(D) if f is not a finite Blaschke product. Take f € S.(D), set
fo = f, and define the sequence { f,, },>0 using Schur algorithm:

o fn B fn(o)
Zfpni1 = P Y AOIR n > 0. (16)

The correctness of these procedure is justified in the lemma below.

Lemma 9.12. Let f € S§.(D). Then for every n € Z,, we have f,(0) € D and f, € S.(D).

In particular, the fraction % is correctly defined and belongs to S.(D) for every n > 0.

Proof. The proof is based on induction. We have fy(0) € D by the maximum modulus

principle for nonconstant analytic functions. Then, the function ¢, = % is correctly
—Jo 0

defined and analytic in D, it maps D into . Since fy is not a finite Blaschke product, the

function g is also not a finite Blaschke product. So, g; € S.(ID). Moreover, we have g1(0) =0

by construction. Then by Schwarz lemma for bounded analytic functions in the open unit
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disk, we have g; = zf; for some f; € S,(D). We thus have checked the inductive transition
step. ]

Remark. In the case where f € S(D) \ S.(D) is a Blaschke product of order N > 0, the
same Schur algorithm determines the finite sequence of Blaschke products fy, fi, ... fy of
orders N, N — 1, ...0, correspondingly. In particular, fy is a constant of unit modulus and

the Schur algorithm stops to avoid division by zero.

Definition 9.13. Let f € S.(D). The sequence {f,(0)},>0 C D is called the sequence of

Schur coefficients of f.

Lemma 9.14. Let f,g € S.(D) be such that f,(0) = ¢,(0) for all0 < n < N. Then f,
g have the same Tuailor coefficients at the origin of order 0 < n < N. Moreover, we have
|f(2) — g(2)| <2[z|¥* for all z € D.

Proof. Let us first check that |f(z) — g(2)| = O(]z|¥*1) in D. The proof uses induction.
Note that for every j > 0 the Schur coefficients of the function f; are exactly {f;1,(0)}n>0-
Then, since fy(0) = gn(0), we have

|f5 = gn| = O(]z])
which corresponds the step k& = 0 for the induction claim
[fx-k = gn-kl = O(z["),  0<k<N.

Assuming induction claim holds for some k, we write

2fn—k + fn-k-1(0) _ Zgn-k + gn—rk-1(0)
1+ zfn_kfnv-k—1(0) 14 zgn_rgn—k—1(0)

IN-k—1 — gN—k—1 =

Since fn_;-1(0) = gn_k_1(0) by the assumption of the lemma, the right hand side in the

above formula is of order O(|z| - |fx_r — gv—&|) = O(|2|F*?) by computing the difference and

identifying its asymptotics at zero. Thus, we have shown that |f(2) — g(2)| = O(|z|"*1) in
D. Since both |f|, |g| are bounded by 1 in D, the Schwarz lemma argument tells us that

1£(2) = 9(2)] < sup [£(2) = 9(2)] [2[MH < 22N,

as required. O
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Lemma 9.15. The mapping ® : f — {fn(0)}n>0 is a homeomorphism from S.(D) with the
topology of convergence on compact subsets of D onto the space D> of sequences q : Z, — D

with the topology of elementwise convergence.

Proof. Let us first show that ®(S.(ID)) = D*>°. By construction, (S,(D)) C D>. Next, take
a sequence {ay}72, C D> such that a,, = 0 for n > N. Put fy = 0 and define inductively

ZfN_k + aN—k—1

) 0<Ek<N.
1+ zfN_kaN—k—1

fnop—1 =

Then, set f = fy. It is straightforward to check that ap = fx(0). In particular, we have
constructed f € S,(D) with a given set of Schur coefficients {ax}72, C D> provided a,, = 0
for n > N. Then, if (f), are functions in S,(ID) with Schur coeflicients {xo,,)(k)ar}, we see
from Lemma 9.14 that

()i (2) = (Fia(2)] < 2[mmGr* 1 2 € D.

Hence, {(f);(2)};>0 is a Cauchy sequence on any compact subset of D, i.e., it converges in
the topology S.(ID) to some function f. One can easily check that f;(0) = ay for every k € D.
Thus, ®(S,(D)) D D*®. Lemma 9.14 implies that ® is a bijection. Verification of continuity
of ®, ®~! is left to the reader. O

The following lemma is a piece of the theory of Hardy spaces. We take it for granted.

Lemma 9.16. Let g € S.(D). Then 1+ g is an outer function. In particular, we have

lmﬂ1+gmﬂzzzgwﬂ1+g@ﬂmn@»

where the integral converges absolutely.

Lemma 9.17. Let f € S.(D) be a function with finitely many nonzero recurrence coefficients.
Then

émwwmwmwzmﬂwwmm. (17)

Proof. The proof is based on the following algebraic relation

1— ’Zfo|2 _ (1 — ‘fO(ZL)@ — ’f1(2)|2)

1= fo(0)/1(2)[?

which follows from the Schur algorithm by a direct computation. Integrating this relation
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over T and using Lemma 9.16, we get

@mrmﬂm=m&#w%+ﬁmhmmm.

Then, we can iterate this equation N — 1 times to obtain
N-1
[ 1081~ 17O dm() = 10g [T (1= 1£u(0)F) + [ 1os(1 = |f[2) dm.
T T

n=0

By our assumption, there is a number N such that fy =0, f,,(0) = 0, n > N. This yields
formula (17). O

9.4 Proof of Szegd theorem

The proof of Theorem 9.1 will be based on the following beautiful result.

Theorem 9.18 (Geronimus theorem). Let pu be a probability measure on T with infinite

support and let f be the function defined by

du(€),  zeD.

1+ 2zf(2) _/1—1—5_2
1—2f(2) rl— &z

Then f € 8.(D) and Schur coefficients of f coincide with recurrence coefficients of p:
for alln > 0.

There is no “simple explanation” for the formula (18). Its proof, being an elementary
computation based on Szegé recursion, occupies about 2 pages. We skip it and derive Szegé

theorem from Geronimus formula (18).

Proof of Theorem 9.1. We already reduced Theorem 9.1 to the following statement:

/logwdm = log H(l — Jag)?),
T

k=0

see Theorem 9.10. For any n > 0, we have

0=logl =log (/ |on|? du) > log </ o |Pw dm> :
T T
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By Jensen inequality,

log (/|@n|2ﬂ)dm) > /1Og|90n|2dm+/logwdm.
T T T

Recall that |¢,| = |¢%| on T and ¢ has no zeroes in D by Lemma 9.11. Hence,

/ log [ dm = / log [t Pdm = log |25 (0) .
T T

It follows that —log |k (0)[* > [;logw dm. At the same time,

n—1
log [¢;,(0)* = —log [ @72y = —log [ [(1 = |axl),  n >0,
0
from where we get
—/logwdm > —logH(l — |ax]?).
T 0
To prove the converse inequality, we observe that Lemma 9.16 implies
1—|f(2)
- log(l—|f|2)dm:—/log—dm:—/logwdm. (19)
/Jl‘ T 1 —zf(2)]? T
The last identity here follows from the relation

L 1—|rz)?
w(z) = lim e dp(§)

L
= lim Re </T 1f§:z du(f))

_ lim 1+rzf(7"z))
= lirg Re (1—rzf(rz)

that holds for almost every z € T. Denote by ( f); the function in S, (D) with Schur coefficients
{X0.51(k) fx(0)}32,. Using Fatou lemma, Beppo Levy theorem, Lemma 9.14, monotonicity of

the function r — ||g(r-)|| 12(r) for g € H?, the nonlinear Parseval formula (17), and Geronimus
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theorem, we obtain from (19)

—/logwdm— /liminf(—log(l— |f(r2)]?)) dm
T T r—1
<timit [ (~log(1 = |f(r2)) dm

<

< liminf lim jlglc}o / E

< liminf lim lim /Z| );(2)
Tob Nmeesmee Jr 5y n
.. ) ) I(f ]

<

< T jpt g, i, /TZO "

= lim [ (—log(1—[(f);(2)])) dm
j—)OO T

=—hmlogH 1—|£x(0)?)

k=0

—log [ (1 = I£x(0)),
—log [ J(1 — lax]?)

To je to!
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10 Homeworks

Solutions of problems below should be discussed with lecturer.

10.1 Homework I

In the course, we use basic theory of Hardy spaces. This list of problems is devoted to
the proof of the embedding H?(T) C H?(D) and the fact that every function in H?(T) has
radial boundary values almost everywhere on T when considered as an element of H?(D). In

reality, H?(T) = H?(D), while we prove just one inclusion here. Recall that

Aw@ﬂm@—-ll%wWUﬁ

T om

for every function ¢ € L*(T). A continuous function u in a domain 2 C C is called harmonic

if it satisfies the mean value property

1
o

u(2) /027r u(z + re') dt

for any point z € Q and radius » > 0 such that the closed disk B[z,r| is contained in €.
In the case where 2 is simply connected, this property is equivalent to ©u = Re f for some

analytic function f in Q.

1. Prove that the function z ‘11—:2-2"—2 is harmonic in D for every £ € T.

2. Prove that the function U : z — [ u(§) i dm(§) is harmonic in D if u € C(T).

=Tk

In both cases above it is instructive to search for an analytic function f to prove harmonicity
from analyticity.
3. Prove that
1— |z

o ep =1

for every z € D.

4. In the setting of the previous problem, prove that
lim U(7¢) = u(()

for every ( € T.
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The above problems can be summarized as follows: the operator of taking boundary values
is a continuous bijection from the set HM (D) of harmonic functions in I continuous up to
the boundary, to the set C'(T) of all continuous functions on T. Morever, harmonic functions

in D and their boundary values on T are related by the Poisson formula

L— |z

mdm(f), z € D.

U = [ e

The identity H?(T) = H?(ID) is the statement of the same sort. To prove it, we will need the
notion of the Lebesgue point. A point ¢ € T is a Lebesgue point for a function f € L'(T) if

: 1 B
i BT T e O~ FOLdm© =0

It is known that for every f € L(T), almost every point of T is the Lebesgue point. We will

use this fact in the proofs below.

5. Let ¢ € T be a Lebesgue point for a function v € L'(T). Prove that

_ 1— |z
lim U(r¢) = u(C), U(Z):/Tu(f)mdm(ﬁ)-
In the previous problem it is instructive to approximate the Poisson kernel ﬁ |SZ‘|2 with a

finite convex combination of kernels WXB(C,E)QT, where Y is the indicator function

of a subset B of the unit circle.

Turning to the Hardy spaces, we continue as follows:

6. Prove that H'(T) D H?(T) for all p > 1 using Cauchy-Schwarz inequality.

7. Prove that for every f € H*(T), if we define
FE) =S e, fo = [ 1 an(e)

then the series converges and defines an analytic function in D.

8. Prove that

P = [ o= an© = [ fOq=E5 . e,

in the setting from previous problem.
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9. Using basic estimate for integrals (absolute value of an integral is not smaller than the
integral of the absolute value), prove that F* € H'(D) and || F||gim) < ||f|lmer) for
every f € HY(T).

10. Using Jensen inequality for integrals, prove that F' € H?(D) and || F||gom) < ||.f || mecr)
for every f € HP(T), p > 1.

11. Prove that the mapping f +— F determines a continuous embedding H?(T) C H?(D)
for every p > 1. Moreover, for almost every point ( € T we have F(r{) — f(() as
r— 1.

10.2 Homework I1

This set of problems is mainly devoted to finite rank and compact Hankel operators.
In particular, some excercises concern results that were considered as “obvious” during the

proof of Kronecker theorem.

Recall that a bounded operator T': H; — Hy between two Hilbert spaces Hy, Hs has

rank n if dimRanT = n.

1. Given a pair of separable infinitely dimensional Hilbert spaces Hy, Hs, prove that there

exists a unitary operator U : Hy — Ho.

2. Prove that dimRanT = dim(H; © KerT') for every operator T : H; — H, of finite
rank. Here, as usual, H; © KerT' denotes the set of vectors in H; that are orthogonal
to Ker T

3. Prove that operators T': Hy — Hs of rank n are precisely those that can be represented
in the form 7= Y, _| ¢; - v ® uy, for some orthonormal sequences {uy}7 C Hy, {v,}} C

H, and some non-zero constants ¢, € C\ {0}. Here (v ®@ u)h = (h, u)g,v.
Let K% be the subspace of the Hardy space H? of functions that are orthogonal to BH?.

4. Using Tailor series decomposition, prove that for every A € D the functional f — f/(\)

is continuous on H2. Prove that there is a vector 9k, € H? such that

f'(A) = (f, 0ky)
for every f € H>.

5. Find a formula for the vector 0ky. Make sure that 9k, a rational function.
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6.

7.

8.

Similarly, find a formula for the vector 0"k, such that (f,9"k,) is the n-th derivative
of any function f € H? at a point A € D.

For which Blaschke products B we have 0"k, € Kg?

Prove that rank dim H, < n if and only if ¢ € BH? for some Blashke product B of
degree at most n (here, the degree of a Blaschke product is the number of its zeroes

counting multiplicities).

Remaining problems concerns best approximation by analytic functions.

9.

10.

11.

12.

13.

14.

Using a compactness argument (Montel theorem for analytic functions and/or Banach-
Alaoglu theorem for L'(T)* = L*°(T) Banach space), prove that for every function
@ € L>(T) there is at least one function f € H* such that

l — fllzee(ry = dist Loo(y (¢, H™).

Prove that for every compact operator K : H; — H, there are vectors hy € Hy, ho € Ho

of unit norm such that

||K|| - (Khl, hz)'

Prove that for every ¢ € C(T) there is a function f € H* and a function h from the
unit ball of zH"! such that

o — Flleqey = dist poer) (10, H) = / oh dm = / (o~ Phdm.
T T

Prove that the same h works for any f € H* such that ||o— f|| e (ry = dist peo(m) (0, H>).
Prove that (¢ — f)h > 0 almost everywhere on T for ¢, f, h as above.

Prove that ¢ — f = dist poo(1)(p, H>°)/h almost everywhere on T (explain why h # 0

almost everywhere on T).

Previous considerations lead to the following useful theorem.

15.

For every function ¢ € C(T) there exists a unique function f € H* such that

o = fllzoo(r) = dist poo(r) (@, H™).

Moreover, this function has to be continuous: f € H>* N C(T).
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